
Neusis Constructions

Another tool the Greeks used—and then seemed to disparage—was the marked straightedge.
Let’s see what it can do!

Another tool the Greeks considered—and then seemed to deprecate—is the marked
straightedge or neusis (plural: neuseis). This is a straightedge on which there are two
marks, a unit distance apart (the distance doesn’t actually matter). The new action that
is allowed is to place this tool with one of the marks on an already drawn line (or circle),
passing through a given point, and then sliding the marked point along the line until the
second mark falls on a second line (or circle). That is, you can now draw a segment of unit
length between two curves that passes through a given point. The Greek word “neusis”
means “verging” and the process is to “verge from line 1 to line 2 through point P .” Let’s
see how this works.

Example Trisect an angle using a neusis.
We will do this for an angle between 135◦ and 180◦. Let let angle θ be the central angle

of a circle of radius 1, shown as ∠AOP below. Verge from the x-axis to the circle through
point P to find point Q. Then ∠BOQ = θ/3.
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The proof of this is straightforward. Note that OP = OQ = XQ = 1. So ∠OPQ =
∠OQP = π − 2φ. Then ∠POQ = π − 2(π − 2φ) = 4φ − π. But you can also notice that
θ + φ = π + ∠POQ = 4φ, so θ = 3φ.

A neusis trisection of an acute angle α is shown below.
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But we already know trisectors are pretty weak—we can’t even do cube roots. Can we
do better?

Example Find cube roots using a neusis!
We will do this for numbers c in the range (0, 8). For larger numbers, divide it by 8, take

the cube root, and double the result (repeating the dividing by 8 and double parts as often
as necessary to get a number in the range of (0, 8). Let 4ABC have side lengths AB = c/4,

AC = BC = 1. Extend side CA to G so that A is the midpoint of CG. Verge from
←→
GB

to
←→
AB through C to find points P on

←→
GB and Q on

←→
AB a distance of 1 unit apart and Q

different from B. Then BQ = 3
√
k.

To prove this, let CF be parallel toAB with F on
←→
GB. By similar triangles, CF = 2AB =

k/2. Then by similar triangles 4PCF and 4PQB we get 2CP/k = 1/BQ. Dropping a
perpendicular from C to AB and calling the foot M , we get CM2 = 12 − (k/8)2 but
also CM2 = (CP + 1)2 − (k/8 + BQ)2. Subtract the first of these from the second to
obtain CP 2 + 2CP − kBQ/4 − BQ2 = 0. Now substitute CP = k/(2BQ) to get the final
equation k2/(4BQ2) + k/BQ− kBQ/4−BQ2 = 0. Multiply everyting by 4BQ2 to clear the
denominators: k2 + 4kBQ− kBQ3 − 4BQ4 = 0 which factors as (4BQ+ k)(k − BQ3) = 0.
The solution BQ = −k/4 gives the point A (note the directed distance!) while the other
solution is BQ = 3

√
k as advertised.

Here’s where the story gets difficult. The power of the neusis depends on how you are
allowed to use it!

For example, if you are only allowed to verge between lines, then you can construct
exactly the same points and numbers as are solid constructible—that is, using a parabola.
The really interesting stuff happens when you are allowed to verge between circles and lines
or between circles and other circles.
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The research on this is actually not complete, but here is what is known:
if you verge between a circle and a line, you can find points on the intersection of a

circle with a curve known as the conchoid of Nicomedes. This curve is described by taking a
vertical line x = a, and then looking at the points where the segment connecting the point to
the origin crosses this vertical line after a distance of one unit. This curve has polar equation
r = a sec(θ) ± 1. These intersection points satisfy a certain sixth degree equation. So our
field extensions can be up to degree six. But not every equation of degree five or six works,
only some.

So it is actually not known at present if you can construct 5
√

2. But it is known to
be possible to solve the fifth degree equation coming from the quintuple-angle formula.
Amazingly, z11 − 1 = (z − 1)(z10 + z9 + · · · + z + 1 factors into two fifth degree equations
and one of them is the quintuple angle equation. So cos(2π/11) can be constructed—one
thus one can construct the regular 11-gon!

On the other hand, seventh- and eleventh-degree equations cannot be solved. That means
that the regular 29-gon and the regular 23-gon (respectively) cannot be constructed. It is
still unknown whether the 25-gon or the 31-gon are constructible.

If you verge between two circles, things get even more complicated. But I haven’t come
across any adequate explanations of the answers, so I’m going to quit before I get behind.
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