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1 Edge Nets

When making a paper cube, it is corveniert to designa net; that is, a
connectedset of squareswhich may be cut out and folded together (see
Figure 1(a)). Sewen pairs of edgesare joined togetherwhenthis net is folded,
as indicated by the arrows. If one of ead of these pairs is removed (as in
Figures 1(b),(c)), the remaining frame may still be folded to form a cube {
imagine the framesas being constructed of wire and moving freely through
space.Call such a frame an edgenet for the cube.
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Figure 1

As Figure 1(d) shows, not every edgenet for the cube can be obtained by
deleting someedgesfrom a net of squares. Natural questionsarise: What
characterizesedgenets of the cube? How many are there?

Beforeaddressinghesequestions,it is necessaryo say exactly what an edge
net is. So: an edgenet for the cube is a connectedplanar graph whoseedges
are all line segmets of the samelength and which can be folded to make a
cube. (While the idea that a graph may be \folded to make a cube" may
be madeprecisein a graph-theoreticalcortext, aninformal understandingof
the ideawill suce here.)



In order to descrike edgenets, it is useful to recall someproperties of the
graph G of vertex adjacencyof the cube, as shavn in Figure 2(a),(b).
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Figure 2

First, Gis simple { there are no multiple edgesor loops (seeFigure 2(c)).
SecondGis connected { thereis a path of edgegoining ead pair of distinct
vertices. Third, G is 3-regular { the degreeof eat vertex is 3. Fourth, G
is bipartite { there are two disjoint sets of vertices suc that eadh edge
has one end belongingto ead set (such as the setsdescriked by the lled

and open circlesin Figure 2(a)). Theseproperties characterizethe cube in
the following sense:any simple, connected,3-regular, bipartite graph on 8
verticesis isomorphicto G.

Now consideran edgenet E. BecauseE folds into a cube, it must be simple
and connected;a momert's re ection revealsthat E must also be bipartite.
Howewer, E need not be 3-regular, although certainly no vertex of E has
degreegreaterthan 3.

Solet 4, ,, and 3 denotethe number of vertices of E with degreesl, 2,
and 3, respectively. SinceE has 12 edgesand eat edgejoins two vertices,
there are 24 endsof edgesin E; thus,

1+ 2,+33=24 (1)

There is alsoa restriction on ; and ,, asis seenby consideringthe graph
in Figure 3.

Figure 3
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Here, , = 7. Evenif all the vertices of degreeone were joined to vertices of
degreetwo, three vertices of degreetwo would remain. Joining any of these
together would result in four edgesmeeting at a vertex. To avoid this, we
must require that

1 2. 2)
Recall that for a tree (a connectedgraph with no cycles), the number of
vertices is one more than the number of edges[Bondy & Murty, p. 25].
Creating a cycle decreaseshe number of vertices, so that

1t 2+ 3 13 )
Finally, we note the obvious restrictions:
1,203 O (4)

There are 12 solutionsto (1){(4); they arenot di cult to erumerate. While
it is possibleto exploreead solution in turn and thereby enumeratethe edge
nets, this essetially combinatorial approad doesnot take full advantage of
the geometryof the cube.

2 Trees

2.1 The case( 1; 2; 3) = (7;1,5):

A conbinatorial approad), howe\er, is usefulfor erumerating thoseedgenets
which are trees. The three solutionsto (1){(4) with ;+ ,+ 3= 13are
(5;5;3), (6;3;4), and (7;1;5). We illustrate the procedurein the (7;1;5)
case,and then simply list the results for the other two cases.

First obsene that becausesdgenets are connected the six verticesof degree
2 or 3 must themseles form a tree. There are four di erent trees on six
verticessud that no vertex has degreegreater than 3:

Figure 4
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In ead case,we must selecta vertex to be the 2-valert vertex, and then
complete the tree. In Figure 5, the arrows point to possiblelocations for
the 2-valent verticesin CaseA. Symmetric arrangemers are avoided asthey
yield duplicate trees.
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Figure 5

Not every candidatetree is an edgenet for the cube. ConsiderFigure 5(b),
whereverticesare alternately marked with openand lled circlesto illustrate
the bipartite nature of edgenets. This implies that when an edgenet is
folded to make a cube, open vertices must be joined to open vertices, and
lled verticesmust be joinedto lled vertices.

Thus, in Figure 5(b), the three 1-valert lled vertices must be joined. But
this would createa 2-cycle,and sinceG has no 2-cycles,this tree cannot be
folded into a cube. Examining the open verticesyields a similar conclusion:
three of the 1-valert vertices1, 2, 4, and 5 must be joined, with the fourth
joined to vertex 3. Certainly 1 and 2 cannotbe joined sincethis would create
a 2-cycle (or equivalertly, two vertices joined by multiple edges). Hencel
or 2 must be joined to 3, but this also createsa 2-cycle. Likewise, Figure
5(c) is not an edgenet for a cube either. Figure 5(a) may be folded to avoid
2-cycles,and henceis an edgenet. (The magnetic ball-and-strut toys are
ideally suited to verify this.)

CasesB, C, and D of Figure 4 may be similarly considered. Care must be
taken to avoid duplicate trees; the secondrendering of D in Figure 4 showns
that there is essehally onelocation for the 2-valert vertex. No completion
of CaseC or D yields an edgenet, and caseB yields just two edgenets.
Resultsare illustrated in Figure 6.



l. Trees:( 1; 2; 3) = (7;15). [3]
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2.2 The case ( 1; 2; 3) = (6;3;4):

Next we considerthe casewhen ( 1; »2; 3) = (6;3;4). There are 7 vertices
of degree2 or 3, and 6 treeson 7 verticeswhereno vertex hasdegreegreater
than 3, asshown in Figure 7.

A B C D E |

Figure 7

In caseA, 4 of the 7 vertices must be 3-valet. We may choose 4 sud
vertices in Z = 35 ways, and eliminate 16 possibilities due to symmetry
considerations.Of the remaining 19 choices,only 9 yield edgenets; theseare
showvn in Figure 9.

Ead of the remaining casesmay alsobe systematically examined,yielding a
total of 40 edgenets. Two new heuristicsfor eliminating candidateedgenets
are encourtered. In caseC, the graph in Figure 8(a) is a candidate. Here,
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vertices 3 and 4 must be joined to vertices1 and 2 in someorder; it doesn't
matter which asvertices3 and 4 are equivalert. (One may make this precise
by saying that two vertices are equivalent if interchanging them inducesa
graph automorphism.) This producestwo 4-cycles:1{7{6{5{4 and 2{7{6{5{
3. These4-cyclessharetwo edges,7{6 and 6{5. But this is impossible,asno
two squareson a cube sharemore than one edge. Hence,this tree is not an
edgenet, nor is any other tree whosefolding resultsin 4-cyclessharingmore
than oneedge.

(©)
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Figure 8

As for the secondheuristic, the fth tree in Figure 7 producesno edgenets
sinceewery candidate (such as Figure 8(b)) contains two 3-valert and three
2-valert lled vertices. As seenin the discussionof Figure 3, there is no way
to join these2-valernt verticeswithout creating a vertex of at least degreed4.

1. Trees:( 1; 2; 3) = (6;3;4): [43]
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Figure 9

2.3 The case( 1; 2; 3) = (5;5;3):

The nal caseto consideris when( 1; 2; 3) = (5;5;3). The approad is the
sameas before;sincethere are 8 verticesof degree2 or 3, rst erumerateall
treeson 8 verticeswhereno vertex has degreegreaterthan 3. The v e trees
showvn in Figure 10 yield no edgenets as eat cortains too many 2-valernt
vertices (as in the discussionof Figure 8(b)) when completed. The other six
casescortribute 64 edgenets asshovn in Figure 11.
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[11. Trees:( 1; 2; 3) = (5;5;3). [107]
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Figure 11

3 Graphs with cycles

3.1 Exp osed cycles

To erumerate edgenets which are not trees, we considerthe cyclespresen
in the graphsasthesemay be descriked geometrically An exposed cycle
is a cycle which doesnot cortain another cycle. For example, Figure 12(a)
corntains three exposed4-cycles,while the two 6-cyclesand the 8-cycleare
not exposed. Figure 12(b) cortains an exposed4-cycle and an exposed 6-
cycle, but the 8-cycleis not exposed. (Here, we implicitly assumethat a
cycle may not repeat an edge.) Note that whether a cycle is exposedor not
may depend on how a graphis drawn in the plane, socare must be taken to
avoid courting the sameedgenet twice simply by drawing it in two di erent
ways. (SeeFigure 30 for an exampleof this.) Also, note that in an edgenet,
ewery 4-cycleis exposed. (\Exp osedcycle" may be de ned rigorously using
the Jordan curve theorem, but this level of treatmert is not neededhere.)
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Figure 12

3.2 A single exposed 4-cycle

In this case,the 4-cycle must be a face of the cube. (The pedartic reader
may forgive the blurring of graph-theoreticaland geometricobjects, asbeing
too precisemakes for a cumbersomeexposition.) Sincethere are no more
cycles,anything attachedto a vertex in this cycle must be a tree. Thus, the
remaining eight edgesof the cube must form from one to four trees, eah
attached to a vertex of the 4-cycle.

Combinatorially, there are 29 casego consider,although only 28 yield edge
nets. Patiencerather than ingeruity is required here. The 61 edgenets are
listed in Figure 13, where the initial box in ead row indicates how many
edgesmust be attached to ead of the vertices of the exposed4-cycle.

IV. A singleexposed4-cycle. [168]
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3.3 Two exposed 4-cycles

When two exposed4-cyclesdo not sharean edge,they must be oppositefaces
of the cube. This givesjust three distinct cases:

V. Opposite 4-cycles.[171]
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Figure 14

If the 4-cyclesare adjacen, they sharea single edge. The remaining v e
edgesmust be attached to the 2-valernt vertices as trees. Combinatorially,
there are 14 casedo consider,but only 12 yield edgenets, and ead of these
caseyields a singlenet. The two caseshavn in Figure 15yield no nets; the
12 edgenets are given in Figure 16.

Figure 15

VI. Adjacent 4-cycles.[183]
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Figure 16

3.4 Three exposed 4-cycles

The three 4-cyclesmay either sharea vertex or not. Both casesare easyto
study, asa glanceat the v e edgenetsin Figure 17 shows.

VI I. Three exposed4-cycles.[188]
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3.5 A single exposed 6-cycle

There are essetially two di erent 6-cycles,as shavn outlined in bold in
Figure 18.

ValZ
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Figure 18

The rst one (Figure 18(a)) is straightforward to analyze as the work has
alreadybeendone. In this casethe 6-cyclemay beimaginedastwo adjacen
4-cycleswith the commonedgeremoved. But asthe endsof this edgeboth
have degree3, the edgemust remain attached by one of its ends. As an
example,the edgenet in Figure 16(1) producestwo edgenets with a single
exposed6-cycle:

VI Il. An exposed6-cycle. [212]
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Figure 19

Eadh of the 12 edgenetsin Figure 16 producestwo distinct edgenetsin this
way, yielding 24 new edgenets. In the interest of conservingspace they are
not explicitly listed.
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Figure 20

The secondpossibility (asin Figure 18(b)) preserts a subtlety. Combinato-
rially, there are only a dozenor so casesto consider;one exampleis shovn
in Figure 20(a). Howeer, the edgenet may be redrawn to produce Figure
20(b), which is one of the edgenets obtained from Figure 16(9). When sud
duplicates are avoided, seven new edgenets are produced; these are shovn
in Figure 21.

IX. An exposed6-cycle. [219]
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Figure 21

3.6 Two exposed 6-cycles

Thereis essetally oneway to have just two exposed6-cycles, sinceavoiding
a 4-cycleis a limiting factor. This is shavn in Figure 22, wherethe 6-cycles
are 1{2{3{4{5{6 and 2{3{4{5{8{7.
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Figure 22

Note that athird 6-cycle1{2{7{8{5{6 is alsoproduced,but it is not possible
to draw an edgenet sothat all three of the 6-cyclesare exposed. Due to the
highly symmetrical nature of this con guration of edges,only two distinct
edgenets are produced;theseare shavn in Figure 23.

X. Two exposed6-cycles.[221]
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Figure 23

3.7 An exposed 8-cycle
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An exposed8-cyclemust be a cycle passingthrough ead vertex of the cube.
There is only one way to do this, shovn in Figure 24. Eacd of the four
remaining edgesmay be attached to this cycle in two di erent ways. This
resultsin three edgenets for the cube, shavn in Figure 25.

Xl. An exposed8-cycle.[224]
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Figure 25

3.8 Exp osed 4-cycle and 6-cycle

In this case,it is not possiblefor the 4-cycleand the 6-cycleto be disjoint, as
a quick inspection of Figure 18 will shav. Howewer, a 4-cycleand a 6-cycle
may sharea single edge,but only if the 6-cycleis as shown in Figure 18(a).
This resultsin the four edgenets shovn in Figure 26.

Xl I. Exposed4-cycleand 6-cycle. [228]

Figure 26

A 4-cycleand a 6-cyclemay alsosharetwo edgesput only whenthe 6-cycleis
asshawn in Flgure 18(b). This yields the eleven additional edgenets shavn
in Figure 27.
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X1 11. Exposed4-cycleand 6-cycle. [239]
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3.9 Two exposed 4-cycles and a 6-cycle

If the two 4-cyclesare disjoint, they must be opposite facesof the cube,
resulting in the two edgenets shovn in Figure 28.

XIV. Two 4-cyclesand one 6-cycle. [241]
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Figure 28
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When the 4-cyclesare adjacen, the situation is like one of the edgenets
showvn in Figure 23, exceptthat one of the 6-cyclesis cut in half to make
two 4-cycles. This, unfortunately, does not lend itself to a represetation
resenbling a cube, but nonetheless,four new edge nets are obtained, as
shown in Figure 29.

XV. Two 4-cyclesand one 6-cycle. [245]
Figure 29

4 Imp ossiblities

There are se\eral combinations of exposedcycleswhich may not occurin an
edgenet for the cube. While completedetails will be left to the reader, the
essetial reasonfor ead impossiblity will be given below.
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1. Any candidate with O or 1 vertices of degreeone. This includesthe
ertire cube in Figure 2(b), or detaching a single edgefrom this gure.
In eat case,there must be three exposed4-cyclessharinga common
vertex, asshown in Figure 17,3{5. Thesethree cyclesmust be outlined
by a corvex hexagon,making it impossibleto create a fourth exposed
4-cyclewith the remaining three edges.This caseincludes:

(a) Four or more 4-cycles;
(b) One 6-cycleand three 4-cycles.

2. Any candidatewhich corntains only exposed6-cyclesand 8-cycles,with
at leastone of ea. This is becauseadding any edgeto an 8-cyclein
order to producea 6-cycleautomatically addsa 4-cycle,which must be
exposed.

3. Two 6-cyclesand at least one 4-cycle. In this case,there must be at
least two 4-cycles,two of which are adjacen. Oncetheseare drawn,
there is not enoughroom left to createtwo additional exposed6-cycles.

4. An exposed4-cycleand an exposed8-cycle. While this is a possibity, it
is possibleto redraw sud a combination asan exposed4-cycleand an
exposed6-cycle,asshavn in Figure 30. Similar considerationsapply to
any candidate cortaining an exposed4-cycleand an exposed8-cycle.

Figure 30
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5 Summary

The table belov summarizesthe erumeration of the various types of edge
nets. In the \Count" column, the number in bold tallies a running court.

Type of edgenet Figure(s) | Court
Trees:( 1; 25 3) = (7;1,5) 6 3[3]
Trees:( 1; 25 3) = (6;3;4) 9 40[3]
Trees:( 1; 2; 3) = (5;5;3) 11 64[107]
Exposed4-cycle 13 61[168]
Two exposed4-cycles 14,15 | 15[183]
Three exposed4-cycles 17 5[188]
Exposed6-cycle 16,21 | 31)219]
Two exposed6-cycles 23 2[221]
Exposed8-cycle 25 3[224]
Exposed4-cycleand 6-cycle 26,27 | 15[239]
Two exposed4-cyclesand 6-cycle| 28,29 6[245]
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