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Abstract

Define a k-minimum-difference-representation (k-MDR) of a graph G
to be a family of sets {S(v) : v € V(G)} such that u and v are adjacent
in G if and only if min{|S(u) — S(v)|,|S(v) — S(u)|} > k. Define pmin(G)
to be the smallest k for which G has a k-MDR. In this note, we show
that {pmin(G)} is unbounded. In particular, we prove that for every k
there is an ngo such that for n > ng ‘almost all’ graphs of order n satisfy
Pmin(G) > k. As our main tool, we prove a Ramsey-type result on traces
of hypergraphs.

1 Introduction

A representation of a graph is an assignment of sets of a given type (intervals,
convex sets, subsets of N, etc.) to the vertices of G such that u,v € V(G)
are adjacent if and only if S(u) and S(v) satisfy a given condition (are disjoint,
intersect, etc.). Many different kinds of graph representations have been studied
extensively (see, for example, [5, 8, 10]).

In [7], three new definitions of graph representations were introduced. With
each vertex v of G, a finite set S(v) is associated. In the first model, u and v
are adjacent if and only if

(15(u) = S()| + [S(v) = S(w)]) /2 = K,
in the second, iff
max{|S(u) — S(v)[,[S(v) = S(u)[} = &,
and in the third, iff
min{[S(u) — S(v)], |S(v) — S(u)[} = k.
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Let pavg(G), pmax(G), and pmin(G) be the smallest &k for which G has such a
representation in the first, second, and third model, respectively. In [7] it was
shown that each of these parameters exists and is at most n — 1, where n is the
order of the graph G. It was also shown that the first two parameters could be
large, namely, at least O (logn). Fiiredi [9] showed that, for almost all n-vertex
graphs, all three parameters are at most O(n/logn) and pmax(G) = Q(n/logn).
However, no non-trivial lower bounds on pu,in(G) have been proven, and in [7]
it was noted that no graphs were known for which ppin(G) > 2.

In this short paper, we will show that {pmin(G)} is unbounded by demon-
strating that, for any k € N, almost every ‘large’ graph G satisfies pmin(G) > k.

Theorem 1 Let k be a positive integer. Then G € Gy, 1/ satisfies pmin(G) > k
with high probability as n — oco.

Our method is as follows. First, we establish a Ramsey-type result on traces
of hypergraphs (Theorem 3) saying that a large enough family of sets must
contain one of four configurations. When we apply this to the sets of an optimal
k-minimum-difference-representation (k-MDR) of G, that is, {S(v) : v € V(G)},
we can immediately rule out three of these (see Lemma 6). The remainder of
the proof is dedicated to ruling out the fourth configuration.

Before we begin, let us recall some definitions and notation. A set system
is a family of finite sets. For two sets A and B, A C B means A is a subset
of B, and A C B means that A is a proper subset of B. A set system H is an
antichain if no A, B € H exist with A C B. If G is a graph and X C V(G),
then Ng(X) is the set of vertices in V' — X which have a neighbor in X. We use

Gn,1/2 to denote the probability space of all 2(3) graphs on n labelled vertices
chosen with uniform distribution. Throughout the paper, all logarithms will
have base 2.

2 Traces

In this section we prove a Ramsey-type theorem on set systems. Define a trace
of a set system H on X to be the system Hx = {ENX : E € H}. We say that
Hx is tnduced by X, and the trace sets are the sets £ N X. We say F is an
ancestor in H of E N X. We also consider any subsystem of Hx to be a trace
of ‘H induced by X.

Define an (¢, k)-star to be a set system {A; : 1 < i < ¢} whose elements
are pairwise disjoint and all have cardinality k. An (¢, k)-costar is a set system
{A; 11 <i< 0} where, if A=J; A;, then {A—A;:1<i</{}isan ({k)-star.
An (-star or f-costar is simply a (¢,1)-star or (¢, 1)-costar, respectively. An
m-double-chain is a system {{v;, ..., virm-1}:1<i<m}.

Balogh and Bollobds [2] proved the following result on traces of set systems.

Theorem 2 Let ¢ and m be positive integers and let g(¢,m) = (2m)£295. Then
any antichain H with |H| > g(¢,m) contains either an (-star, an £-costar, or
an m-double-chain as a trace.



A short proof of Theorem 2, along with other similar results, appeared in
[6]. Recently, this result has seen many applications, for example in [1], [3] and
[4].

Our new theorem involves a fourth kind of set system. Define an (r,p, q)-
system to be a set system

{KUFiUUGjUULjZISiST}
JF#i J<i
such that
(1) K is the kernel of the system,
(2) K and the 3r sets F;, G;, and L; for 1 <i <r are pairwise disjoint,
(3) |F;|=pand |G;| =qforall 1 <i<r.

Figure 1. A general element of an (r, p, ¢)-system

Define hy(¢,m,r) = g(¢f,m) and hi(¢,m,7) = g(r? - hp_1(¢,m,r),m) for
k> 1.

Theorem 3 Let ¢, k, m, and r be positive integers. Then every antichain H
with |H| > hog (€, m,r) contains an (£, k)-star, an (€, k)-costar, or an m-double-



chain as a trace or contains an (r,p,q)-system with p,q < k as a subsystem.
Furthermore, we may insist that the (r,p,q)-system have L; = 0 for all i or

Li =0 and L; # 0 for all i > 2.

Throughout the proof, we use the term collection to mean a set whose ele-
ments may occur with multiplicity greater than 1.

Proof. 1If ‘H has an m-double-chain as a trace, we are done. Otherwise, imple-
ment the following algorithm:

(Step 1) Initialize p=¢ =0, i =1 and Hy = H.

(Step 2) Let d; = 72 - hop_i(¢,m,r). If H; contains no d;-star trace, move
to Step 3. Otherwise, let T}, ... ,Téi be the trace sets of a d;-star trace, incre-
ment p by 1, and call the set inducing the star B,. Let A; be an ancestor in H;
of TJ?, and define H; 1 to be the set system {A; —B,:1<j<d;}. Increment ¢
by 1. If p = k, stop and output the ancestors in H of the T;’s; these sets contain
an (¢, k)-star trace. Otherwise repeat Step 2.

(Step 3) If H; contains no d;-costar trace, move to Step 4. Otherwise, let
Ti,...,T;, be the trace sets of a d;-costar trace, increment g by 1, and call
the set inducing the costar Cy. Let A;- be an ancestor in H; of T’ ;, and define
Hit1 ={A;—Cy:1<j <d;}. Increment i by 1. If ¢ = k, stop and output the
ancestors in M of the T}’s; these sets contain an (¢, k)-costar trace. Otherwise
return to Step 2.

(Step 4) Find Dy, Do, ..., D, among the sets T}, ... ,Téi such that D1 = Dy =
...=D,or Dy CDyC...CD,, and let D C 'H be the collection of ancestors
in H of D;’s. Stop and output D; these sets contain an (r,p, q)-system with
p,q < k.

We claim this algorithm outputs an (¢, k)-star, an (¢, k)-costar, or an (r, p, q)-
system with p,q < k.

First, we show the algorithm is well-defined through 2k — 1 steps. Since
1 < 2k — 1, Steps 2 and 3 are well-defined. Therefore, the only thing that must
be checked is that when we enter Step 4, we can always find r sets all equal
or ordered linearly by proper inclusion. Suppose that we enter Step 4 on the
tth turn. If any set appears with multiplicity » among the Tj’s7 then we can
take D to be r distinct ancestors in H of this set. Otherwise, there are at least
di/r =71 hop_;(¢,m,r) distinct sets among the Tj’s7 so by Dilworth’s Theorem
there is a chain of length 7 or an antichain of size hog—; (¢, m, r) among the Tf’s.
In the first case we are clearly done. In the second, this antichain contains a
d;-star, a d;-costar, or an m-double-chain as a trace by Theorem 2. The first
two cases are impossible since we did not complete Steps 2 and 3, and the third
is impossible by assumption. Hence such Dy, Do, ..., D, exist.



Second, the algorithm always terminates with ¢ < 2k —1 since p+ ¢ increases
by 1 after every complete implementation of Step 2 or 3 and we either stop when
max(p, q) = k, or we stop after the first implementation of Step 4.

Finally, we show the algorithm produces what we want. If the algorithm ter-
minates during the ith turn because p = k, then we found a star trace T}, . . ., Téi
where d; > ¢. Note that the T; N B,,’s are disjoint and have cardinality 1 for all
1<j<d;and 1 <n <p=k. Letting A; be an ancestor in ‘H of T;, we see
Ai,. .., A} form an (¢, k)-star induced by

(O2:)o(U%)

The case when the algorithm terminates because ¢ = k is similar. Now, if
the algorithm terminated after an implementation of Step 4, let Ay,..., A, be
distinct such that A; is an ancestor in ‘H of D; for 1 < i < r. Then the sets
A;NB, and Cs— A; are pairwise disjoint and have cardinality 1 forall 1 < < r,
1<n< p, and 1 <s< q. Let FZ = UZ:]_(AIQBTL), Gi = UZ:l(CS—A’L')v L1 = @
and Lz = Dl — Di—l for 2 S ) S r, and let K = D1 U (U'(rlel Cn - U::l Al)
Then we have, for all 7, that

Ai:KUFiUUGjUULj,
J#i J<t

and 0 < |F;| =p <k and 0 <|G;| = ¢ <k, so the A;’s form an (r, p, ¢)-system
with kernel K. Note that if the D;’s were all the same, then L; = ) for all 1,
whereas if they were all different, Ly = ) and L; # 0 for all 4 > 2. O

3 Proof of the main result

In this section, we prove our main result, namely, Theorem 1. Before we begin,
we must recall two basic facts about random graphs.

Fact 4 Almost every G € G,, 1,2 has an independent set on logn vertices.

Fact 5 Let G € Gy, 1/9 and let S C V(G) with |S| = o(logn). If S is the
disjoint union of A and B, then with high probability there is a vertexr v such
that v is adjacent to every verter in A and to no vertexr in B.

We begin with an easy observation.

Lemma 6 Let H be a set system satisfying min{|S; — S;|, [S; — Si|} < k for all
Si,S; € H. Then H has no (2, k)-star, (2, k)-costar, or (k + 1)-double-chain as
a trace.



Proof. Suppose X induces a (2, k)-star trace with trace sets Ty and T5. Let S;
be an ancestor in H of T;. Then

1Si = S3—i| > [(Si = Ss—i) N X[ = |T; —T5-4| =k

for i = 1,2, so min{|S1 — S2|,|S2 — S1|} > k, a contradiction. The statement
for (2, k)-costars follows since a (2, k)-costar is a (2, k)-star.

Now suppose H contains a (k + 1)-double-chain trace induced by X with
trace set Ti,...,Tk4+1. By the definition of the double-chain, |Tx41 — 71| =

|Ty — Tyy1| = K, so if S; is an ancestor in H of T;, then as above min{|S; —
Sk+1ls [Sk+1 — S1|} > k, a contradiction. Hence H has no (k + 1)-double-chain
as a trace. [l

Proof of Theorem 1. Suppose, toward a contradiction, that G has a k-MDR,;
call it S = {S(v) : v € V(G)}. Note that S(u) = S(v) iff u = v, since with
high probability no two distinct vertices of G have the same neighborhood (by
Fact 5).

By Fact 4, with high probability, G contains an independent set I = {v1, ...,
vy} with [I] = y/log(n). Let Sp = {S(v;) : v; € I}.

Suppose S; contains a chain of length 3. Without loss of generality S(vy) C
S(ve) C S(vs). By Fact 5 there is a vertex x such that zv,,zvy € E(G)
and zvy ¢ E(G). The fact that zv, € E(G) tells us |S(vy) — S(x)| > k, so
|S(v2) — S(z)| > k as well. Similarly, |S(x) — S(v2)| > |S(x) — S(vs)| > k. But
then zve € E(G), a contradiction.

Therefore by Dilworth’s Theorem, there is an antichain in Sy of size v/log n/2.
Without loss of generality, call this antichain

S*={S(v):1<i<+/logn/2}.

Note that, for all 5,55 € S*, min{|51 — SQ‘, ‘SQ — Sl|} < k.

Take n large enough that v/logn/2 > hoy (2, k + 1,7) with r = 20k*(2k + 1).
By Theorem 3, §* contains a (2, k)-star, a (2, k)-costar, a (k + 1)-double-chain,
or an (r,p, q)-system with p, ¢ < k, L1 empty, and the L;’s with ¢ > 2 all empty
or all nonempty. By Lemma 6, only the fourth case is possible. Call the sets
of this (r,p, q)-system S(v1),...,S(v,). Let Vi = {vaopas +1,..., vagpa 41y} for
0 <t <2k Let K, F;, G;, and L; be as in the definition of (r, p, ¢)-system, so
that, for 1 <17 <r,

Sw)=KuFrulJGulJL;

J#i J<i

With high probability, we can find a set of vertices X = {x1,..., 242}
(applying Fact 5 for each x;) such that z; is adjacent to v; iff, for some 0 < ¢ <
2k,

5k2(i — 1) + 1 4 20k*t < j < 5k% + 20k*t



(from here on we only use the v;’s with j <r) and X is an independent set in
G. Observe the following two properties:

(1) for each i and t, [Ng(x;) N Vi| = 5k?,
(2) for each i, j, and t with i # j, |[Ng(z;) N Ng(z;) NV = 0.

We consider the two cases depending on whether all the L;’s with j > 2 are
empty or nonempty.

CASE 1: Lj =0 for all 1 < j < r. For the proof of this case, we work only
with v;’s in Vp.

Fix some z; € X. Define f; ; = |F; N S(x;)| and g; ; = |G; — S(x;)|, and let
fi = Zj f@j and g = Zj Gi,j5- Let €; = |K—S(Z‘l)| and C; = |S(.131) _Uj S(’UJ)|
Then, for any v; € Vj,

|S(vj) = S(xs)| =p— fij+ei+gi— i (1)
and
|S(xi) = S(w;)| = fi— fij+¢i+a—gij (2)

Consider a v; not adjacent to z;. By the definition of k-MDR, either

(i) 1S(v;) — S(z,)| < k or

(i) [S(z:) — S(v;)]| < k.
We claim there are not both v;, which satisfies (i) and v;, which satisfies (ii).
Indeed, since (i) holds for v, , g; < [S(v;,) — S(xi)| + ¢i,; < 2k, and, similarly,
since (ii) holds for vj,, we have f; < |S(z;) — S(vj,)| + fi,; < 2k. Hence, for a
fixed i, fewer than 2k f; ;’s and fewer than 2k g; ;’s are nonzero (this includes
v;’s adjacent to x;). Then we can find vertices vj,, vj, with f;;, = ¢ij, =
fija = 9ij, = 0 such that z; is adjacent to v;, but not to v;, (here we use
Property (1) from above). But then

15(v,) = S(@a)| = [S(vj5) = S(wi)| = k
1S (2i) = S(vz,)| = [5(i) = S(vg5) = F,
contradicting that zv;, ¢ E(G). Therefore, for each x;, either

Alternative 1: each v; not adjacent to z; satisfies (i) and not (ii), or
Alternative 2: each v; not adjacent to z; satisfies (ii) and not (i).

Now, by the pigeonhole principle, there are either at least 2k x;’s such that
Alternative 1 holds or at least 2k x;’s such that Alternative 2 holds (we could
in fact have 2k2, but 2k suffices for this case). Assume the former, and without
loss of generality let these vertices be Xo = {x1,...,29;}. Delete from Vj all
v;’s for which there is an z; € X, such that G; € S(z;), and let V' be the
subset of Vj that remains. Since (i) holds for all z; € Xy, at most 2k v,’s satisfy
G; € S(x;) for each x;, so

Vo — V| < 2k|Xo| = 4k2.



Therefore |[Ng(z;) N V'] > k? for all z; € X,.

Fix some z; € Xj. Since Alternative 1 holds for x;, we see z;v; ¢ E(G) if and
only if [S(v;) —S(x;)| < k. But, for all v; € V', |S(v;)—S(x;)| =p—fij+ei+g
(since g; ; = 0, by definition of V'), and among the terms on the right, only f; ;
depends on j. Therefore there is a threshold t¢(z;) such that if v; € V', then
x; is adjacent to v; iff f; ; < t(x;). Since each x; € X is nonadjacent to some
v; € V', we deduce that t(z;) <p <k.

Since |Xg| > k, there are two elements of X, without loss of generality
z1 and xo, with ¢(zq) = t(z2). Now, for all j such that v; € V' N Ng(z1) (so
vj & Ng(x2)), |[F;NS(x1)| < t(x1) = t(za) < |[F;NS(22)|, so there is an element
of Fj in S(z2) and not in S(z1). Therefore,

|S(w2) = S(1)| = |V N Ne(21)] = k2.

Similarly, |S(z1) — S(z2)| > |V' N Ng(z2)| > k%. Hence 2125 € E(G), a contra-
diction.

The case when at least 2k x;’s satisfy Alternative 2 is similar. Call the set of
these vertices Xo. We find a V/ C V; such that for all z; € X and all v; € V7,
S(x;) N F; = 0 (that is, f;; = 0) and [V' N Ng(x;)| > k*. Then for each z;,
there is a threshold ¢(z;) such that z; is adjacent to v; € V' iff g; ; < t(x;). We
then find two vertices x1 and xo with the same threshold, and necessarily

min{|S(x1) — S(@2)],[S(w2) — S(x1)[} = k2,

so x1 and x5 are adjacent in G, a contradiction. This completes Case 1.

CASE 2: Ly =0 and L; # 0 for all j > 2. Define

M= | L

v; €V}

for 0 <t < 2k. Now, if S(z;) contains an element of M; for each t > k + 1 and
M;—S(z;) is nonempty for each t < k—1, then |S(z;)—S(v;)| and |S(v;)—S(x;)|
are at least k for all v; € Vj, contradicting that z; has a nonneighbor in V.
Therefore, for each x;, one of these cannot happen.

Suppose first that for at least 2k? x;’s, it is not the case that S(x;) contains
an element of M; for each ¢ > k + 1, so there is a t; > k + 1 such that S(z;)
contains no element of M;,. Then there is a set Xy of 2k z;’s each with the
same ;, say t; = m for these ;’s. Then, if we define b; = |J,,,, My — S(z;)|
and follow the notation of Equations 1 and 2, we have for all v; € V;,,

|S(v;) = S(xi)| =p— fij +ei+gi—gij+bi+ U Lo — S(zs)|-

Vo €EVim
a<j
But
U Za—5S@)|>| |J La|=j—20k*m
Vo €EVin v €EVim
a<j a<j



since L; is nonempty for v; € V,,, and S(z;) N M,, = 0. Therefore |S(v;) —
S(x;)| > k for all but the k smallest-indexed v;’s in V,,,; let V* be the set of
vj € Vi, with |S(v;) — S(x;)| > k. Observe that, for all v; € V* and z; € X,

S(zi) = S(vj)| = fi— fig+ei+a—gij+si+| |J LanS(z:)
va €Vm
a>j

i

where s; = | ;s My N S(2;)]. Fix z; € Xo and let v; € V* be a nonneighbor
of x;, so necessarily |S(z;) — S(v;)| < k. Since g¢;; < g, it follows that, f; <
|S(x;) — S(vj)| + fi; < 2k — 1. Therefore, for each ¢, at most 2k — 1 f; ;’s
are nonzero. Delete from V* each v; for which there is an x; € Xy such that
fi,j #0, and call the remaining v;’s V'. Then

[V* —V'| < (2k — 1)|Xo| < 4Kk* — 2k,

so each z; € X has at least 5k — |V,,, — V*| — (4k? — 2k) > k? neighbors in V'.
Since f; j = 0 for all z; € Xy and vj; € V', we see, for a fixed i, |S(z;) — S(v;)]
depends only on g; ;. Thus there is a threshold ¢(z;) < k such that v; is adjacent
to a; iff g; ; < t(z;). Since | Xo| = 2k, there are two elements of X, say z; and
Zo, with the same threshold. As in the proof of Case 1, it can be proved that
x1 and x4 are adjacent, a contradiction.

Finally, we are left with the case that there are at least 2k2 x;’s such that
My — S(z;) is empty for some ¢t < k — 1. This case is similar to the previous
case, except that the roles of [S(z;) — S(v;)| and |S(v;) — S(x;)| are reversed;
we skip the details. O
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