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Professor József Balogh, Advisor

Professor Alexandr Kostochka

Professor Zoltán Füredi
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Chapter 1

Introduction

1.1 Introduction

In this Dissertation we consider a variety of problems from several areas of

contemporary graph theory, namely graph minors, domination, and graph

representations.

Graph minors are related to two of the most classical topics in graph

theory: colorings and embeddings. The Hadwiger Conjecture asserts a very

clear relationship between the chromatic number of a graph G and the minors

of G: every k-chromatic graph has a Kk-minor. The Graph Minor Theorem

of Robertson and Seymour (or more accurately the work leading up to the

GMT) gave a detailed structural description of graphs embeddable on a given

surface in terms of their minors.

A dominating set in a graph is a set of vertices such that every vertex

outside the set has a neighbor in the set. Domination is the subdiscipline of

graph theory that studies the sizes and structures of dominating sets. Many

varieties of domination problems exist, each imposing different conditions on

the dominating set itself or on how it interacts with the rest of the vertices.

These variations are often used to model communication in networks or in

facilities location, making domination a very applied subdiscipline of graph
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theory.

Graph representations are ways to describe the vertices of a graph as sets

of a given type with adjacency defined as a relation on these sets. For ex-

ample, vertices may be assigned intervals on the real line and two vertices

would be adjacent if and only if their intervals intersect. Questions in this

field ask when such representations are possible, and if so, what the “most

efficient” representations are. The existence of certain types of representa-

tions for classes of graphs has been exploited for such purposes as developing

fast graph algorithms.

The work in this dissertation is not unified by topic, but rather by meth-

ods employed. All chapters make use of very traditional combinatorial rea-

soning. Also, all three chapters employ probabilistic techniques, which in

the last few decades have become very important throughout graph theory

and combinatorics. The more novel aspect of the methods, though, is the

use of ∆-systems (sometimes called sunflowers). Applications of ∆-system

methods have seen limited use for quite some time, notably by Frankl and

Füredi in Turán theory, but have seen almost no use in many areas of graph

and hypergraph theory.

The goal of this Dissertation is to demonstrate the effectiveness and ver-

satility of ∆-system methods. A ∆-system itself is a set system A1, . . . , A`

such that there is a set K with Ai ∩Aj = K whenever i 6= j. The ∆-system

methods we employ involve associating sets with the vertices of G, finding a

∆-system among those sets, and then using the ∆-system to locate favorable

configurations within the graph G. Often the set we associate with a vertex

is its neighborhood, although when studying graph representations it makes

more sense to use the set assigned to it by the representation.

Chapter 2 presents joint work with A.V. Kostochka, in which we seek

to show that a dense enough graph G must have unbalanced complete bi-

partite minors. A minor of a graph G is a graph which can be obtained

from G through a sequence of vertex deletions, edge deletions, and edge con-
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tractions. Kostochka [32, 33] and Thomason[46] independently showed that

every graph with average degree c · k log k has a Kk-minor for some constant

c. Thomason [47] determined the smallest possible value of c. Building on

this work, Myers and Thomason [42] determined the average degree that

forces a graph to contain an H-minor (that is, a graph contractible to H) for

almost all graphs H. Their results relied on the density of H being bounded

from below by a small constant β. An example of an H whose density is not

bounded below by β is Ks,t for t sufficiently large (with respect to s). In light

of this, Myers [41] determined the smallest average degree that forces a graph

to contain a K2,t-minor for all t > 1029 (this was recently extended to all t

by Chudnovsky, Reed, and Seymour [18]). With Kostochka, we determined

asymptotically (in s) the average degree that forces a Ks,t-minor.

Theorem 1.1.1 Let s and t be positive integers with

t > (240s log2 s)8s log2 s+1.

Let G be a graph such that e(G) ≥ t+3s
2

(n(G) − s + 1). Then G has a Ks,t-

minor. Furthermore, for n large, there exists a graph G of order n and size

at least t+3s−5
√

s
2

(n− s + 1) that has no Ks,t-minor.

In the case s = 3, we can determine exactly the smallest average degree that

forces a Ks,t-minor.

Theorem 1.1.2 Let t ≥ (2 · 33! · 633)2. Let G be a graph of order n with

e(G) >
1

2
(t + 3)(n− 2) + 1.

Then G has a K3,t-minor.

A construction due to Myers [41] shows that the edge bound of Theorem 1.1.2

is sharp.

The proofs of the last two theorems are very similar. When the number of

vertices G is not too small, probabilistic and combinatorial reasoning suffice.
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For G of small order, though, we use probability and ∆-systems to complete

the arguments.

A k-dominating set of a graph G is a set D ⊆ V (G) such that every

vertex of V (G) − D has k neighbors in D. The k-domination number of

G, written γk(G), is the smallest size of a k-dominating set of G. When

k = 1, we simply write γ(G) instead of γ1(G), and refer to this as the

domination number of G. In Chapter 3, we develop techniques for proving

Nordhaus-Gaddum bounds on the domination number γ(G) = γ1(G) of a

graph, where a Nordhaus-Gaddum bound for a parameter P is any bound

on P (G) + P (G) or P (G) · P (G) (G denotes the complement of the graph

G). This method, which appears in Section 3.2, is joint work with E.W.

Chambers, W. Kinnersley, and D.B. West [16]. In Section 3.3, we generalize

the method to prove the following Nordhaus-Gaddum bounds for γk.

Theorem 1.1.3 For any integer k ≥ 2 and any graph G of order n ≥ n0(k),

8k/3 ≤ γk(G) + γk(G) ≤ n + 2k − 1

16k2/9 ≤ γk(G)γk(G) ≤ (2k − 1)(n− k + 2).

Furthermore, these bounds are sharp.

The techniques do not generalize in a straightforward manner. When the

vertices of G have large degree, our proofs mimic the techniques for γ, making

use of probabilistic and combinatorial arguments. The case when the degrees

of G are small requires ∆-systems.

In Section 3.4, we demonstrate the effectiveness of the methods of Sec-

tion 3.2 by using them to derive Nordhaus-Gaddum bounds for three param-

eters of the same order of magnitude of γ.

Define a Roman dominating function (RDF) of a graph G to be a map

f : V (G) → {0, 1, 2} such that every vertex mapped to 0 has a neigh-

bor mapped to 2. Let γR(G) denote the minimum over all RDFs f of
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∑
v∈V (G) f(v). It is not hard to see that γ(G) ≤ γR(G) ≤ 2γ(G). In Sec-

tion 3.5, we study when the Roman domination number is close to γ(G) or

2γ(G), proving the following. Let Gn,p denote the probability space of all

n-vertex graphs where each edge appears randomly and independently with

probability p.

Theorem 1.1.4 Let p : N → R be a function satisfying p ≤ 1/2. Let w =

pn. Then for almost every G ∈ Gn,p,

(1) if w → 0, then γR(G) = (1 + o(1))γ(G),

(2) if w →∞, then γR(G) = (2− o(1))γ(G), and

(3) if w → c ∈ R, then there is a constant c′ ∈ (1, 2) such that γR(G) =

(c′ + o(1))γ(G).

Finally, in Chapter 4, we present joint work with J. Balogh on mini-

mum difference representations of a graph. Define a k-minimum-difference-

representation (k-MDR) of G to be an assignment of a finite set S(v) to each

vertex v ∈ V (G) such that u and v are adjacent if and only if

min(|S(u)− S(v)|, |S(v)− S(u)|) ≥ k.

Let ρmin(G) be the minimum k for which G has a k-MDR. Boros, Gur-

vich, and Meshulam [13], who introduced minimum difference representa-

tions, showed that ρmin(G) exists for every finite graph G. They also noted

that no graphs were known for which ρmin(G) > 2. The goal of Chapter 4 is

to prove the following.

Theorem 1.1.5 Let k be a positive integer. Then G ∈ Gn,1/2 satisfies

ρmin(G) > k with high probability as n →∞.

The work of Chapter 4 uses ∆-system methods in a different way than Chap-

ters 2 and 3. Instead of using ∆-systems to find a favorable set of vertices in

our graph G, we use the sets of the ∆-system themselves to arrive at a contra-

diction. Strictly speaking, we do not use ∆-systems, but rather a variant of
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them, which we call (r, p, q)-systems. Define a trace of a hypergraph H to be

the hypergraph with vertex set X and edge set {X ∩E : E ∈ E(H)}. Define

an (`, k)-star to be a k-uniform set system A1, . . . , A` such that Ai ∩Aj = ∅
if i 6= j. Define an (`, k)-costar to be a set system A1, . . . , A` such that,

if A =
⋃`

j=1 Aj, then A − A1, . . . , A − A` is an (`, k)-star. Define an m-

double-chain to be a hypergraph with vertices v1, . . . , v2m−1 and edge set

{{vi+1, . . . , vi+m−1} : 1 ≤ i ≤ m}. Our main tool is the following.

Theorem 1.1.6 Let `, k, m, and r be positive integers. Then every an-

tichain H with |H| ≥ h2k(`,m, r) contains an (`, k)-star, an (`, k)-costar, or

an m-double-chain as a trace or contains an (r, p, q)-system with p, q ≤ k as

a subsystem.

Let G be a random graph in Gn,1/2. When we apply Theorem 1.1.6 with

H = {S(v) : v ∈ I} (S(v) being the set assigned to v by the k-MDR) where

I is a maximum independent set of G, we can immediately rule out the

possibility that H contains one of the three specified traces. The remainder

of the effort goes to showing that H also cannot contain an (r, p, q)-system

with p, q ≤ k. This contradiction shows almost every G ∈ Gn,1/2 has no

k-MDR, so ρmin(G) > k.

It is our intention that these proofs will serve as models of how to use

∆-systems, as well as inspire more sophisticated applications of the methods.

1.2 Notation

Before we begin, let us fix notation. We follow [48], but review the most

commonly used terms and symbols.

We assume the axioms of ZFC set theory and the Peano axioms for the

set of natural numbers N.

A graph is an ordered pair (V (G), E(G)), where V (G) is the vertex set

of G and E(G) ⊆ (
V (G)

2

)
is the edge set of G. We use n(G) for the order of
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G, defined as |V (G)|, and e(G) for the size of G, defined to be |E(G)|. Two

graphs G and H are isomorphic if there is a bijective function f : V (G) →
V (H) such that xy ∈ E(G) if and only if f(x)f(y) ∈ E(H). We write G ∼= H

to indicate that G and H are isomorphic.

A path in a graph G is a sequence of distinct vertices v1, . . . , vk in V (G)

such that vivi+1 ∈ E(G) for all i ∈ {1, . . . , k − 1}. The length of the path

v1, . . . , vk is k − 1.

A cycle in G is a sequence of distinct vertices v1, . . . , vk such that

vivi+1 (mod k) ∈ E(G) for i ∈ {1, . . . , k}. The length of the cycle {v1, . . . , vk}
is k.

The girth of a graph G, written girth(G), is the length of the shortest

cycle in G.

All graphs considered have finite vertex sets.

For a vertex v ∈ V (G), the degree of v in G is written dG(v). The

minimum and maximum degrees of G are denoted δ(G) and ∆(G). We say

a graph is regular if δ(G) = ∆(G) and k-regular if δ(G) = ∆(G) = k.

A subgraph of G is a graph H such that V (H) ⊆ V (G) and E(H) ⊆(
V (H)

2

) ∩ E(G). An H-subgraph of G is a subgraph of G isomorphic to H.

An induced subgraph of G is a subgraph H for which E(H) =
(

V (H)
2

)∩E(G).

We use G[A] to denote the subgraph of G induced by A, which is the graph

whose vertex set is A and edge set is
(

A
2

) ∩ E(G).

Let X and Y be disjoint subsets of V (G). Then EG(X,Y ) denotes the set

of edges of G with one endpoint in X and the other in Y . An X, Y -path is a

path v1, . . . , vk in G with v1 ∈ X and vk ∈ Y . We say a graph G is connected

if for all pairs of disjoint subsets X and Y of V (G), G contains an X, Y -path.

We define the distance between X and Y in G, written distG(X, Y ), to be

the length of the shortest X, Y -path in G. A set S ⊆ V (G) is connected if

G[S] is a connected graph.

For a vertex x ∈ V (G), NG(x) is the (open) neighborhood of x, which

is the set {u ∈ V (G) : uv ∈ E(G)}. We use NG[x] to denote the closed
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neighborhood, defined as NG(x) ∪ {x}. For a set X ⊆ V (G), we write

Nk
G(X) = {v ∈ V (G)−X : |NG(v) ∩X| ≥ k}

and Nk
G[X] = Nk

G(X) ∪ X (if k = 1 we omit the superscript). We say that

X k-dominates Y if Y ⊆ Nk
G[X] (for k = 1 we say simply “dominates”).

A dominating vertex of G is a vertex v ∈ V (G) such that N [v] = V (G).

We use NG to denote the neighborhood hypergraph of G, whose vertex set is

V (G) and whose set of hyperedges is {NG(v) : v ∈ V (G)}, where hyperedges

appear with multiplicity.

A set S ⊆ V (G) is said to be independent if e(G[S]) = 0. A bipartite

graph is a graph G such that V (G) can be written as the disjoint union of

independent sets X and Y . We call X and Y the partite sets of G.

For two graphs G and H, define the graph G ∨ H, called “G join H”,

as follows: let G′ and H ′ be isomorphic to G and H, respectively, such

that V (G′) and V (H ′) are disjoint. Let V (G ∨ H) = V (G′) ∪ V (H ′) and

E(G ∨H) = E(G′) ∪ E(H ′) ∪ {xy : x ∈ V (G′), y ∈ V (H ′)}.
For all graph parameters, we reserve the right to omit the subscript “G”

if the context is clear.

For two sets A and B, A ⊆ B means that A is a subset of B and A ⊂ B

means A is a proper subset of B. A set system is a family of finite sets. A

set system H is an antichain if there are no distinct A,B ∈ H with A ⊂ B.

We use Gn,p to denote the probability space of all 2(n
2) graphs on a fixed

set of n labelled vertices where each potential edge appears independently

with probability p. Therefore Gn,1/2 is the space of n-vertex labelled graphs

(on a fixed vertex set) with uniform distribution. We use P and E to denote

the probability and expectation operators. We will use EA(X) to denote the

expectation of the random variable X over the set A. We say that event E

happens with high probability if the probability of E in Gn,p approaches 1 as

n → ∞. We also use the language “almost every G ∈ Gn,p satisfies E” or

“E happens almost always” in place of “E happens with high probability”.
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Any additional notation will be defined as it is needed.
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Chapter 2

Graph Minors

2.1 Introduction

A minor of a graph G is a graph H that can be obtained from G by a sequence

of vertex and edge deletions and edge contractions. We say a subgraph F of

G is an H-minor of G if H can be obtained from F by a sequence of edge

contractions, and we write H ≺ G if G has an H-minor.

A well-known open problem concerning graph minors is the Hadwiger

Conjecture.

Conjecture 2.1.1 [Hadwiger, 1943] Every k-chromatic graph has a

Kk-minor.

Conjecture 2.1.1 is known to be true for k ≤ 6 but remains open for all

larger values of k. In the positive direction, Bollobás, Catlin, and Erdős [12]

showed Conjecture 2.1.1 is true for almost all graphs (that is, almost every

k-chromatic graph has a Kk-minor).

One way to generalize this problem is to search for other sufficient condi-

tions that force a graph to contain a Kk-minor. Mader [38] proved that for

each positive integer k, there exists a function D(k) such that every graph

with average degree at least D(k) has a Kk-minor by demonstrating that
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D(k) ≤ 2(k
2)+1. Later, Kostochka [32, 33] and Thomason [46] determined

that D(k) ∈ Θ(k
√

log k), with the lower bound coming from almost every

G ∈ Gn,1/2. More recently, Thomason [47] determined that

D(k) = (α + o(1))k
√

log k,

where α = 0.6381726 . . . is given explicitly.

Myers and Thomason extended the function D above to general graphs

H, that is, they defined

D(H) = inf{ d
∣∣ 2e(G)/n(G) ≥ d implies H ≺ G},

which is essentially the smallest average degree that forces a graph to contain

an H-minor (where D(Kk) equals D(k) from above). They determined D(H)

for almost every H [42, 39], showing, in particular, that for almost all H, the

extremal graphs not containing H are pseudo-random (built deterministically

from randomly generated subcomponents). However, their methods relied on

the density of H (with density defined, naturally, to be e(H)
(

n(H)
2

)−1
) being

bounded away from 0.

An example of an H whose density is not bounded away from 0 is Ks,t

where s is fixed and t is sufficiently large with respect to s. For this reason,

Myers [40, 41] studied D(Ks,t) when s is fixed and t is large. Let M(r, s, t) be

the graph obtained by taking r copies of Ks+t−1 and sharing a common set

of s− 1 vertices (this graph can also be described as Ks−1∨ rKt). Myers [41]

noted that M(r, s, t) has no Ks,t-minor and has 1
2
(t+2s−3)(n−s+1)+

(
s−1
2

)

edges, where n = r(t + 1) + s− 1. He proved the following.

Theorem 2.1.2 ([41]) Let t > 1029 be a positive integer. Then every graph

G with more than t+1
2

(n(G)− 1) edges has a K2,t-minor.

Myers’ construction (M(r, s, t, ) of the last paragraph) shows that this

bound is sharp when n(G) ≡ 1 (mod t).
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Very recently, Chudnovsky, Reed, and Seymour [18] proved that Theo-

rem 2.1.2 in fact holds for all t.

Myers conjectured that a similar, more general statement was true for

Ks,t-minors.

Conjecture 2.1.3 Let s be a positive integer. Then there exists a constant

C(s) such that, for all positive integers t, if G has average degree at least

C(s) · t, then Ks,t ≺ G.

Further, if we define K∗
s,t to be Ks ∨ Kt, Myers noted that the average

degree that forces G to contain a Ks,t-minor also likely forces a K∗
s,t-minor,

that is, D(Ks,t) = D(K∗
s,t) (trivially we have D(Ks,t) ≤ D(K∗

s,t), since Ks,t ⊆
K∗

s,t).

For our purposes, it will be more convenient to work with the quantity

D∗(Ks,t), defined as

D∗(Ks,t) = inf{ d
∣∣ 2e(G)/(n(G)− s + 1) ≥ d implies H ≺ G},

than with D(Ks,t) itself.

In Section 2.2, we prove the following theorem, establishing Conjecture 2.1.3

and confirming Myers’ insight about D(K∗
s,t).

Theorem 2.1.4 Let s and t be positive integers with

t > (240s log2 s)8s log2 s+1.

Let G be a graph such that e(G) ≥ t+3s
2

(n(G) − s + 1). Then G has a K∗
s,t-

minor. Furthermore, for n large, there exists a graph G of order n and size

at least t+3s−5
√

s
2

(n− s + 1) that has no Ks,t-minor.

Theorem 2.1.4 will be established in two steps: the lower bound will come

from Theorem 2.2.2 in Subsection 2.2.1 and the upper bound will be from

Theorem 2.2.15 in Subsection 2.2.4.
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From Theorem 2.1.4 we have the following string of inequalities:

t + 3s− 5
√

s ≤ D∗(Ks,t) ≤ D∗(K∗
s,t) ≤ t + 3s.

Hence, Myers’ insight that D(Ks,t) is the same as D(K∗
s,t) is true asymp-

totically in s. However, D(Ks,t) 6= D(K∗
s,t) in general, as an example in

Subsection 2.3 shows (at least for s = 3).

For s > 100, the second half of Theorem 2.1.4 tells us that Myers’ con-

struction giving D∗(Ks,t) ≥ t + 2s − 3 is not optimal. In fact, we provide a

second construction with fewer edges which shows that Myers’ construction

M(r, s, t) is not optimal for s ≥ 6.

We note the following result of Kühn and Osthus, proved independently

of and concurrently to our Theorem 2.1.4.

Theorem 2.1.5 ([36]) For every ε > 0 and every positive integer s, there

exists a number t0 = t0(s, ε) such that for all t ≥ t0, every graph of average

degree at least (1 + ε)t contains K∗
s,t as a minor.

While Theorem 2.1.5 does not provide the dependence of D(Ks,t) on s,

it does apply for a much wider range of s, namely s ≤ C · t/ log t.

In the case s = 3, Kostochka and Prince [35] determine D(Ks,t) exactly.

Theorem 2.1.6 Let t ≥ (2 · 33! · 633)2. Let G be a graph of order n with

e(G) >
1

2
(t + 3)(n− 2) + 1.

Then G has a K3,t-minor.

Myers’ construction demonstrates the sharpness of Theorem 2.1.6.

2.2 Ks,t-minors

In this section, we shall prove Conjecture 2.1.3. We begin in Subsection 2.2.1

by exhibiting constructions showing D∗(Ks,t) ≥ t+3s−5
√

s. We then provide

an upper bound of t+3s for D∗(K∗
s,t) when t is sufficiently large with respect

to s.

13



2.2.1 The Lower Bound

For this subsection, it will be convenient to use the following equivalent

definition of a Ks,t-minor of G. We say G has a Ks,t-minor if there are a set

V0 ∈ V (G) and a function f : (V (G) − V0) → V (Ks,t) such that f−1(v) is a

connected subset of G for all v ∈ V (Ks,t) and such that, for all v1v2 ∈ E(Ks,t),

there is an xi ∈ f−1(vi) (i = 1, 2) such that x1x2 ∈ E(G). In this language,

G[V (G)− V0] is contractible to Ks,t, so it is our Ks,t-minor.

We will need the following old result of Sauer [45]:

Theorem 2.2.1 Let g ≥ 5 and m ≥ 4. Then, for every even

n ≥ 2(m− 1)g−2,

there exists an n-vertex m-regular graph of girth at least g.

Theorem 2.2.2 Let s ≥ 3 and t > 2s2s−1 be integers. Then there exists a

graph G(s, t) with

e(G(s, t)) ≥ 1

2
(t + 3s− 5

√
s) (n(G(s, t))− s + 1)

and no Ks,t-minor. Therefore D∗(Ks,t) ≥ t + 3s− 5
√

s.

Proof. We may assume s ≥ 19, since otherwise t + 2s − 3 ≥ t + 3s − 5
√

s,

and so Myers’ construction is our G(s, t).

Let q be the positive integer for which d√3se ≤ q ≤ d√3s + 1e and t− q

is even. Note that

2.5
√

s ≥ d
√

3se+ 1 ≥ q

and s ≥ q ≥ 6 since s ≥ 19.

By Theorem 2.2.1, since t+2s−q > 2(q−3)2s−1, there is a (q−2)-regular

graph of girth at least 2s + 1 with n = t + 2s− q vertices; let this graph be

H(s, t).

14



First, we claim that

e
(
H(s, t)

)
≥ 1

2
(t + 3s− 2q)(n− s + 1).

This is because

e
(
H(s, t)

)
=

1

2
n(n− 1− (q − 2)) =

1

2
(t + 2s− q)(t + 2s− 2q + 1),

and since

(t+2s−q)(t+2s−2q+1) ≥ (t+3s−2q)(t+s−q+1) = (t+3s−2q)(n−s+1)

(this inequality is equivalent to (s− 1)(s− q) ≥ 0), the claim follows.

Claim 1 H(s, t) has no Ks,t-minor.

Proof of Claim. Suppose a V0 ⊆ V (H(s, t)) and a function f as in the

definition of a minor (from the beginning of the subsection) existed. Let

X ⊆ V (Ks,t) be the set of vertices x such that |f−1(x)| ≥ 2. Let W =

V0 ∪ f−1(X). Then

t + 2s− q = n = n(Ks,t) +
∑
v∈X

(|f−1(v)| − 1) + |V0| =

t + s + |f−1(X)| − |X|+ |V0| ≥ t + s + (|f−1(X)|+ |V0|)/2,
so |W | ≤ 2(s− q).

Let S denote the partite set of s vertices in Ks,t and let P = f−1(S−X) =

f−1(S) −W . Then |P | ≥ q. Since, in H(s, t), every vertex in P is adjacent

to every vertex outside of P ∪ W , we see that H(s, t)[P ∪ W ] contains all

edges in H(s, t) incident to a vertex in P . But we know that

girth(H(s, t)) ≥ 2s + 1 ≥ |P |,

so eH(s,t)(P ) ≤ |P | − 1. Therefore, there are at least (q − 2)|P | − (|P | − 1)

edges of H(s, t) incident to P ; let H0 be the subgraph induced by these edges.

15



If H0 has a cycle, then at least half the vertices of this cycle are in P ,

so this cycle has length at most 2|P | ≤ 2s, contradicting the definition of

H(s, t). Since H0 is acyclic,

|P ∪W | ≥ (q − 2)|P | − (|P | − 1) + 1 ≥ (q − 3)|P |+ 2.

However, we also know that |P ∪W | ≤ |P |+ 2(s− q), and so

2(s− q) ≥ (q − 3)|P |+ 2 ≥ (q − 3)q + 2,

that is, 2s ≥ q2 − q + 2. But this does not hold if s ≥ 19 and q ≥ √
3s. ¤

Letting G(s, t) = H(s, t) proves the theorem.

The graph G(s, t) from the proof of Theorem 2.2.2 is already enough to

show D∗(Ks,t) ≥ t + 3s− 5
√

s. However, n(G(s, t)) is quite small compared

to t. We can construct graphs with more vertices and the same asymptotic

density by gluing copies of G(s, t) together at a set I of s−1 vertices inducing

a clique. This process cannot create a Ks,t-minor: if there were such a minor,

then there would be a v ∈ S such that f−1(v) lies completely outside of I.

Then, since there are no s vertex-disjoint paths from f−1(v), all of f−1(T )

lies in the same copy of G(s, t) as f−1(v). Similarly, all of f−1(S) lies in the

same copy. Now this copy contains a Ks,t-minor, which is absurd.

When 6 ≤ s < 19, there are graphs with fewer edges than G(s, t) that

nonetheless show that Myers’ construction is not optimal.

Theorem 2.2.3 Let s and t be integers satisfying t > (2s)2s−1 and s ≥ 6.

Then there exists a graph G of order n = t + s + 3 with

e(G) ≥ 1

2
n

(
t + s− 2 +

1

2 · 3s+7

)

that contains no Ks,t-minor.

16



Proof. Let H be a 4-regular graph with girth at least s + 7, which exists by

Theorem 2.2.1. Let A be a set of at least n/2 · 3s+7 edges at distance at least

s + 7 from each other (such an A can be found greedily). Let H ′ = H − A.

Let r satisfy s− 3 ≤ r ≤ s. If U is any set of r vertices of H ′ with H ′[U ]

having k components and m vertices of degree 3, then we have eH′(U,U) =

2r−m + 2k. Suppose |NH′(U)−U | ≤ 6. Since each vertex with d neighbors

in U links together d components of G[U ], if

|EH′(U, V (H ′)− U)| =
∑

v∈NH′ (U)−U

(|NH′(v) ∩ U | − 1) ≥ k −m + 1,

then U ∪NH′(U) contains a cycle of length at most s + 7 or two vertices of

degree 3 at distance at most s + 6, either way a contradiction. Therefore,

since |NH′(U) − U | ≤ 6, we have 2r −m + 2k ≤ k −m + 6, so 2r + k ≤ 6.

Thus 3 > r ≥ s − 3 ≥ 3. This contradiction implies that any set U with

s− 3 ≤ |U | ≤ s satisfies |NH′(U)| ≥ 7.

Let G = H ′. Suppose G has a Ks,t-minor. Let S ⊆ V (G) be the set

of vertices in the preimage of the smaller partite set of this minor, and let

S ′ ⊆ S be the vertices which are not deleted or contracted into a neighbor

to get the minor. Applying the argument of the last paragraph to G (with

U = S ′), there must be at least 7 vertices with a nonneighbor in S ′, and at

least one of these vertices x is the entire preimage of a vertex of the larger

partite set in the minor. This contradicts that every vertex of S ′ is adjacent

to x. Therefore G has no Ks,t-minor.

When n > 16 ·3s+7, the graph of Theorem 2.2.3 contains more edges than

Myers construction.

2.2.2 Small Graphs

In this section we prove Theorem 2.1.4 in the case when n(G) ≤ 10t/9.

We start with a lemma we will apply to the complement of G.

17



Lemma 2.2.4 Let m,s, and n be positive integers such that s ≥ 3 and

n > 10s(30m)m.

Let H be a graph of order n with e(H) ≤ mn/2 such that dH(v) ≤ 3n/5

for all v ∈ V (H). Then there is an L ⊂ V (H) with |L| ≤ m − 1 and s

disjoint pairs (xi, yi) of vertices in H − L such that distH−L(xi, yi) ≥ 3 for

all i = 1, . . . , s.

Proof. For each pair of distinct vertices x, y in H, define A(x, y) to be the

set of common neighbors of x and y. Let a(x, y) = |A(x, y)|. If we let a(H)

be
∑

x,y∈V (H) a(x, y), we have that

a(H) =
∑

x∈V (H)

(
dH(x)

2

)
≤

(
3n/5

2

)
n ≤

(
3n/5

2

)
mn

3n/5
<

3

10
mn2.

Let Vlg = {v ∈ V (H)
∣∣dH(v) ≥ n/10m} be the vertices with “large” degree

in H, and define Vsm = V (H) − Vlg (these have “small” degree). Note that

|Vlg| ≤ 2e(H)/(n/10m) ≤ 10m2.

For every pair of vertices x, y ∈ H, let Alg(x, y) = A(x, y) ∩ Vlg and

alg(x, y) = |Alg(x, y)|. Define Asm(x, y) and asm(x, y) analogously. As above,

define

alg(H) =
∑

x,y∈H

alg(x, y) and asm(H) =
∑

x,y∈H

asm(x, y).

Similar to the calculation in the last paragraph,

asm(H) ≤
∑

x∈Vsm

(
dH(x)

2

)
≤

(
n/10m

2

)
mn

n/10m
< n2/20.

Let W = {(x, y) ∈ (
V (H)

2

)∣∣xy 6∈ E(H), asm(x, y) = 0, and alg(x, y) ≤
m − 1}. Now clearly the number of pairs (x, y) with asm(x, y) = 0 is at

most asm(H). Also, the number of pairs (x, y) with alg(x, y) ≥ m is at most

a(H)/m. We therefore have

|W | ≥
(

n

2

)
− e(H)− asm(H)− a(H)

m

18



≥
(

n

2

)
− mn

2
− n2

20
− 3n2

10
=

n

2

(
3n

10
−m− 1

)
>

n(n− 1)

9
.

Consider the graph F with vertex set V (H) and edge set W . Since

e(F ) > n(n− 1)/9, F has a matching M of size at least n/9.

Since the number of distinct subsets of Vlg of size at most m− 1 is

m−1∑

k=0

(
10m2

k

)
<

(
10m2

m

)
< (10em)m,

by the pigeonhole principle, there is an L ⊆ Vlg with |L| ≤ m− 1 such that

the set ML = {xy ∈ M
∣∣Alg(x, y) = L} satisfies

|ML| ≥ n/9

(10em)m
> s.

But then L and the pairs of ML are what we want.

Lemma 2.2.5 Suppose that t > (240s log2 s)1+8s log2 s. If G is a graph of

order n ≤ t + 8s log2 s such that

e(G) >
t + 3s

2
(n− s + 1),

then G has a K∗
s,t-minor.

Proof. Let G′ be a minor-minimal subgraph of G with respect to the edge

condition. Let n′ = n(G′) = t + 2s + m. The edge condition forces m to be

positive, so 1 ≤ m ≤ 8s log2 s.

Now

e(G′) <

(
n′

2

)
− t + 3s

2
(n′ − s + 1) (2.1)

=
1

2
(n′2 − n′ − (n′ + s−m)(n′ − s + 1)) (2.2)

=
1

2
((m− 2)n′ + (s− 1)(s−m)) (2.3)

<
mn′

2
. (2.4)
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Also, by minor-minimality of G′, the minimum degree of G′ is at least (t +

3s)/2, so

∆(G′) ≤ n′ − 1− (t + 3s)/2 = (t + s)/2 + m− 1 < 3n′/5.

Since n′ > t > (240s log2 s)1+8s log2 s ≥ 10s(30m)m, we can apply Lemma 2.2.4

to G′, finding L ⊂ V (G) with |L| ≤ m − 1 and s disjoint pairs of vertices

(xi, yi) for 1 ≤ i ≤ s such that distG−L(xi, yi) > 2 for all i. Then contracting

the edges xiyi in G′−L, we find a K∗
s,n−|L|−2s-minor in G′ (and hence in G).

Since n− |L| − 2s ≥ t, we are done.

Lemma 2.2.6 Let s, t, and d be positive integers satisfying s ≥ 3, t ≥
4000s2, d ≥ 8s log2 s and d ≤ t/9. Let G be a graph of order t + d with

minimum degree at least t/2 and at least s vertices with degree at least t.

Then G contains a K∗
s,t-minor.

Proof. Let v1, . . . , vs have degree at least t. Let k = dlog3/2 de+ 1. We will

find s disjoint dominating sets Si with |Si| ≤ k for each 1 ≤ i ≤ s.

Initialize S0
i = {vi} for 1 ≤ i ≤ s. For each 1 ≤ i ≤ s, run the following

procedure. Define U j
i be the set of vertices not dominated by Sj

i . If U j
i is

empty, set Si = Sj
i and stop. Otherwise, define W j

i = V (G)− U j
i −

⋃
q<i Sq.

Since

|NG(u) ∩W j
i |δ(G)− |U j

i | − (i− 1)k ≥ 2t/5− (i− 1)k

for all u ∈ U j
i , there must be a vertex vj

i ∈ W j
i such that

|NG(vj
i ) ∩ U j

i | ≥
(2t/5− (i− 1)k)|U j

i |
t + d− |U j

i |
≥ (2t/5− (s− 1)k)|U j

i |
11t/10

≥ |U j
i |

3
.

Let Sj+1
i = Sj

i ∪ {vj
i } and iterate the process.

At each step, |U j
i | ≤ (2/3)jd, so Uk

i is empty for 1 ≤ i ≤ s. This means

Si is a dominating set of G with size at most k + 1. Also, Si is connected

because each vj
i was chosen among the neighbors of Sj

i . Since s(k + 1) ≤ d,
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contracting each Si to a single vertex gives a K∗
s,t-minor of G.

Lemma 2.2.7 Let s and t ≥ (240s log2 s)8s log2 s+1 be positive integers. Let

G be a graph of order n, where t + 2s + 1 ≤ n ≤ 10t/9. Suppose

e(G) >
1

2
(t + 2s− 3)(n− s + 1).

Then G contains a K∗
s,t-minor.

Proof. We may assume that G is minor-minimal with respect to the edge

condition. This implies, in particular, that G has minimum degree at least

(t + 3s)/2.

If t+2s+1 ≤ n ≤ t+d8s log2 se, apply Lemma 2.2.5. If n > t+d8s log2 se,
notice that the edge bound on G immediately implies that G has s vertices of

degree at least t. Therefore we can apply Lemma 2.2.6 to find a K∗
s,t-minor

in G. This completes the proof.

Theorem 2.2.8 Let s and t ≥ (2 ·d8s log2 s+1e! ·(2s)d8s log2 s+1e)2 be positive

integers. Let G be a graph of order n with n ≤ 10t/9 and

e(G) >
1

2
(t + 3s)(n− s + 1).

Then G contains a K∗
s,t-minor.

Proof. The edge condition implies both that n ≥ t + 2s + 1 and that

e(G) >
1

2
(t + 2s− 3)n,

so this theorem is an immediate corollary of Lemma 2.2.7.
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2.2.3 Some Lemmas

Lemma 2.2.9 Let H be a connected graph of order n. If δ(H) ≥ k, then

there exists a partition W1 ∪ · · · ∪Wr of V (H) such that, for every i,

(a) H[
⋃i

j=1 Wj] is connected,

(b) |Wi| ≤ 3, and

(c)

|V (H)−
i⋃

j=1

N [Wj]| ≤ n

(
n− k − 1

n

)i

.

Furthermore, W1 can be taken to have size 1.

Proof. For i = 1, we can take W1 = {v} for any v ∈ V (H). Now suppose

the lemma holds for i = m− 1. Let Ym =
⋃m−1

j=1 Wj and Xm = V (H)− Ym.

Then ∑
x∈Xm

|N [x]| ≥ (k + 1)|Xm|,

and so there is a vertex belonging to the closed neighborhood of at least

(k+1)|Xm|/n vertices of Xm; let vm be such a vertex with minimum distance

to Ym.

Since every vertex at distance 3 from Ym dominates at least k+1 vertices

in Xm, we can take vm to be at distance at most 3 from Ym. Then simply

take Wm to be vm along with the at most 2 vertices along a shortest path

from vm to Ym.

Now Ym ∪Wm dominates all but at most a proportion of (n− (k + 1))/n

of the vertices of Xm, and by induction, at most n((n− k − 1)/n)m vertices

of V (H).

Lemma 2.2.10 Let α ≥ 2. Let H be a connected graph of order n with

δ(H) ≥ k and n ≤ α(k + 1). Then there exists a connected dominating set

A ⊆ V (H) such that

|A| ≤ 3 logα/(α−1) n.
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Proof. Let W1∪· · ·∪Wr be the partition of V (H) guaranteed by Lemma 2.2.9.

Let m = blogα/(α−1) nc and let A0 =
⋃m

j=1 Wj. Then the number of vertices

of H which are not dominated by A0 is at most

n

(
1− 1

α

)m

=

(
α

α− 1

)x

,

where x = logα/(α−1)(n)−m.

Since α ≥ 2,
(

α
α−1

)x
< α ≤ 2, and so A0 dominates all but at most 1

vertex of H. Let this vertex, if it exists, be z. Since H is connected, z has a

neighbor y in N [A0]. Then A = A0 ∪ {y} is a connected dominating set in

H and |A| = |A0|+ 1 ≤ 1 + 3(m− 1) + 1 < 3 logα/(α−1) n.

Applying Lemma 2.2.10 s times, we have the following corollary.

Corollary 2.2.11 Let α ≥ 2. Let s, k, and n be positive integers such that

n ≤ α(k + 1). Let H be a (3s logα/(α−1) n)-connected graph of order n with

δ(H) ≥ k+3s logα/(α−1) n. Then V (H) contains s disjoint subsets A1, . . . , As

such that, for every i = 1, . . . , s,

(i) H[Ai] is connected,

(ii) |Ai| ≤ 3 logα/(α−1) n, and

(iii) Ai dominates H −⋃i−1
j=1 Aj.

It will be useful to have some statements about the connectivity of G. In

order to do this, we will develop a related concept.

If H is a graph and X ⊂ V (H), we say that X is k-separable if N [X] 6=
V (H) and |N(X)−X| ≤ k.

Lemma 2.2.12 Let H be a graph and k be a positive integer. If X is an

inclusion-minimal k-separable set in H and S = N(X)−X, then H[X ∪ S]

is (1 + dk/2e)-connected.

Proof. Assume there is a separating set D of H[X∪S] with |D| ≤ dk/2e. Let

H1 a the component of H[X∪S]−D which has minimum size of intersection

23



...........

...........

...........

...........

............
............
............
............
.............
.............
..............
..............
...............
................
..................

....................
........................

.................................
......................................................

......................................................................................................................................................................................................................................................................................................................................

...........

...........

...........

...........

............
............
............
............
.............
.............
..............
..............
...............
................
..................
....................
........................
.................................

......................................................

...................................................................................................................................................................................................................................................................................................................................... .................
.................
.................
.................
.................
..................

...................
....................

.....................
......................

.........................
.............................

....................................
.....................................................................

.....................

.............................................................................................................................................................................................................................................................................................................................................................................

.................

.................
.................
.................
.................
..................
...................
....................
.....................
......................

.........................
.............................

....................................
.....................................................................

.....................

.............................................................................................................................................................................................................................................................................................................................................................................

.................

.................
.................
.................
.................
..................

...................
....................

.....................
......................

.........................
.............................

....................................
....................................................................

......................

.............................................................................................................................................................................................................................................................................................................................................................................

.................

.................
.................
.................
.................
..................
...................
....................
.....................
......................

.........................
.............................

....................................
....................................................................

......................

.............................................................................................................................................................................................................................................................................................................................................................................

..............

..............
...............
...............
................

.................
...................

.......................
.................................

.........................................

...............................................................................................................................................................................................................

..............

..............
...............
...............
................
.................
...................
.......................

.................................
.........................................

...............................................................................................................................................................................................................

.................................
.................................

.................................
..

.....................................................................................................
S −D

H1

H2

D..............
..............
..............
..............
...............
...............
...............
...............
................
................

.................
..................

...................
....................

......................
.........................

.............................
.......................................

............................................................................

.............................................................................................................................................................................................................................................................................................................................................................................................................................

..............

..............

..............
..............
...............
...............
...............
...............
................
................
.................
..................
...................
....................
......................

.........................
.............................

.......................................
............................................................................

.............................................................................................................................................................................................................................................................................................................................................................................................................................

V (H)−X − S ...........................................................................................

.............................
...............................
...................................
.........................................

..................................................
...........................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

Figure 2.1: Lemma 2.2.12

with S, and let H2 = H[X∪S]−D−H1. Then the set S1 = D∪(S∩V (H1))

has at most |D|+ |S|/2 ≤ k vertices and is a separating set of H (it separates

H1−S1 from the rest of the graph; see Figure 2.2.2.1). Moreover, H1−S1 is

properly contained in X, contradicting minimality of X. Therefore H[X∪S]

is (1 + dk/2e)-connected.

Now that we have derived several structural lemmas, we can use them to

prove the main result of this subsection, a structural result that will allow

us to make reductions on G in Subsection 2.2.4.

Lemma 2.2.13 Let G be a 100s log2 t-connected graph. Suppose that G con-

tains a vertex subset U with

t + 100s log2 t ≤ |U | ≤ 3t.

Suppose also that δ(G[U ]) ≥ 2t/5 + 100s log2 t. Then G has a K∗
s,t-minor.

Proof. Perform the following procedure on G. Let i = 1. If every component

of G is 20s log2 t-connected or i > 4, stop. Otherwise, let Si be a the union of a
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smallest separating set in G[U ] from each component which was not 20s log2 t-

connected, and let U1
i , U i

2, . . . be the components of G[U ] − Si. Increment i

by 1 and iterate.

Claim 1 If we did not stop after Step 3, then at most two components of

G[U ]− S1 − S2 − S3 − S4 are not 20s log2 t-connected.

Proof of Claim 1. Let F = G[U ] − S1 − S2 − S3 − S4. By construction, F

has at least five components and

δ(F ) ≥ δ(G[U ])− 4 · 20s log2 t ≥ 2t/5 + 20s log2 t.

Therefore each component of F has more than 2t/5 + 20s log2 t vertices.

Furthermore, if any component F ′ of F has fewer than 4t/5 vertices, then

any two vertices in F ′ have at least 40s log2 t common neighbors, and so

we have F ′ is 40s log2 t-connected. Hence, if some three components of F

are not 20s log2 t-connected, then |U | ≥ |F | ≥ 3 · 4t/5 + 2 · 2t/5 > 3t, a

contradiction. ¤

Claim 2 There are an integer m with 1 ≤ m ≤ 3 and m vertex disjoint

subgraphs G1, . . . , Gm of G[U ] such that

(1) Gi is 20s log2 t-connected for i = 1, . . . , m,

(2) δ(Gi) ≥ 2t/5 + 20s log2 t for i = 1, . . . , m, and

(3) |V (G1)|+ . . . + |V (Gm)| ≥ t + m20s log2 t.

Proof of Claim 2. Since we deleted at most 4 sets of size at most 20s log2 t,

we deleted at most 80s log2 t neighbors of any vertex, so (2) is immediate.

If we stopped before Step 4, then each component of G[U ] − S1 − . . . is

20s log2 t-connected. By Claim 1, if we stopped after Step 4, then at least

three components of F are 20s log2 t-connected (this gives (1)). If we have

three such components, then they contain more than 3 · 2t/5 = 6t/5 >

t + 60s log2 t vertices. If we have at most two such components, then we
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stopped before Step 2, so the total number of vertices in them is at least

|U | − 20s log2 t ≥ t + 80s log2 t, which establishes (3). ¤
To complete the proof, we consider three cases according to the smallest

value of m for which Claim 2 holds.

Case 1: m = 1. Since n(G1) ≤ |U | ≤ 3t, we know n(G1)/(.4t) ≤ 7.5.

Therefore,

3 log7.5/6.5 n(G1) ≤ 3 log7.5/6.5 3t =
3 log2 3t

log2 7.5/6.5
< 20 log2 t.

Therefore, we can apply Lemma 2.2.11 to G1 with α = 7.5. This gives us

s disjoint subsets A1, . . . , As of V (G1) such that, for every i = 1, . . . , s,

(1) G[Ai] is connected,

(2) |Ai| ≤ 3 log7.5/6.5 3t ≤ 20 log2 t, and

(3) Ai dominates G1 − A1 − . . .− Ai−1.

Since |V (G1)−A1− . . .−As| ≥ t+20s log2 t−s ·20 log2 t = t, contracting

each Ai to a single vertex gives us a K∗
s,t-minor in G1.

Case 2: m = 2. If either Gi had order at least 6t/5 for i ∈ {1, 2}, then we

could apply the argument of Case 1 to it, so assume otherwise. Then we can

apply Lemma 2.2.11 to each of G1 and G2 with α = (6t/5)
/
(2t/5) = 3. This

gives, for i = 1, 2, s disjoint subsets Ai
1, . . . , A

i
s of V (Gi) such that, for all

j ∈ {1, . . . , s},
(1) G[Ai

j] is connected,

(2) |Ai
j| ≤ 3 log3/2 6t/5 < 5.2 log2 6t/5 < 7 log2 t, and

(3) Ai
j dominates Gi − Ai

1 − . . .− Ai
j−1.

For i ∈ {1, 2}, define Ai =
⋃s

k=1 Ai
k and Vi = V (Gi) − Ai. Since the

connectivity of G− A1 − A2 is at least 100s log2 t− 14s log2 t > s, there are

s vertex disjoint V1, V2-paths in G− A1 − A2; let P1, . . . , Ps be a set of such

paths such that Pq contains exactly one vertex in each Vi for all q = 1, . . . , s.
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For j ∈ {1, . . . , s}, define Bj = A1
j ∪ A2

j ∪ V (Pj). Then, by property

(3), G[Bj] is connected for each j and Bj dominates both V0 = V1 ∪ V2 −⋃s
q=1 V (Pq) and Bk for k > j. Since we have that

|V0| ≥ |V1 ∪ V2| − 2s ≥ |V1|+ |V2| − |A1| − |A2| − 2s

≥ t + 40s log2 t− 14s log2 t− 2s > t,

we can safely contract each Bj to a single vertex to obtain a K∗
s,t-minor.

Case 3: m = 3. Again we may assume that Cases 1 and 2 do not hold.

If n(G1) ≥ 4t/5, then n(G1) + n(G2) > 4t/5 + δ(G2) > 6t/5, and Case 2

would apply. Therefore, invoking symmetry, we can say that n(Gi) ≤ 4t/5

for i ∈ {1, 2, 3}.
Apply Lemma 2.2.11 to each of G1, G2, and G3 with α = 2. In this case,

the Lemma guarantees us, for each i ∈ {1, 2, 3}, disjoint subsets Ai
1, . . . , A

i
s

of V (Gi) such that, for every j ∈ {1, . . . , s}
(1) G[Ai

j] is connected,

(2) |Ai
j| ≤ 3 log2 4t/5 < 3 log2 t, and

(3) Ai
j dominates Gi − Ai

1 − . . .− Ai
j−1.

Define Vi = V (Gi)−
⋃s

j=1 Ai
j for all i. Then

|V1 ∪ V2 ∪ V3| ≥ 3(2t/5 + 20s log2 t)− 3s · 3 log2 t = 6t/5 + 51s log2 t.

For all i, choose Xi ⊂ Vi such that |X1| = 2s and |X2| = |X3| = s.

Since the connectivity of the graph G0 = G − ⋃3
i=1

⋃s
j=1 Ai

j is at least

100s log2 t− 9s log2 t = 91s log2 t, there are 2s vertex-disjoint (X1, X2 ∪X3)-

paths P1, . . . , P2s in G0. Renumber these paths so that Pq is an (X1, X2)-path

if q is odd (and consequently Pq is an (X1, X3)-path if q is even). Then we

can find (see Figure 2.2.2.2) paths Q1, . . . , Q2s such that Qq is a subpath of

Pq and, for every k ∈ {1, . . . , s},
(a) Q2k−1 ∪Q2k ⊆ P2k−1 ∪ P2k,
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Figure 2.2: The paths Qq

(b) |V (Q2k−1 ∪Q2k) ∩ (V1 ∪ V2 ∪ V3)| ≤ 4, and

(c) V (Q2k−1 ∪Q2k) ∩ Ui 6= ∅ for all i.

For k ∈ {1, . . . , s}, let Wk = Q2k−1 ∪Q2k ∪A1
k ∪A2

k ∪A3
k. Then we know

(1) G[Wk] is connected for all k,

(2) the Wk’s are pairwise vertex disjoint, and

(3) Wk dominates V1 ∪ V2 ∪ V3 −
⋃2s

q=1 Qq and all Wj with j > k.

Since |V1∪V2∪V3−
⋃2s

q=1 Qq| ≥ 6t/5+91s log2 t−4s > t, G has a K∗
s,t-minor,

and the Lemma is proved.

2.2.4 The Final Argument

We are finally ready to prove the main result of this section, namely Theo-

rem 2.1.4.
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For a set W ⊆ V (G), define dG(W ) to be the number of edges that

intersect W .

Theorem 2.2.14 Let s ≥ 3 and t ≥ 2 · 105 · s2 be integers. Let G be a graph

of order n ≥ 10t/9 satisfying

(1) for every W ⊆ V (G), dG(W ) ≥ |W |t/2,
(2) every edge of G is contained in at least t/2 triangles,

(3) e(G) ≥ tn/2, and

(4) no subgraph of G has average degree at least 11t/10.

Then G contains a K∗
s,t-minor.

Proof. We consider cases for the connectivity of G.

Case 1: G is 200s log2 t-connected. If G has a vertex v satisfying

t + 100s log2 t ≤ dG(v) ≤ 3t− 1,

then G satisfies Lemma 2.2.13 with U = N [v] (we know δ(G[N [v]]) ≥ t/2 ≥
2t/5+100s log2(t) since there are t/2 triangles on every edge of G), so assume

no such vertex exists.

Let Vsm be the set of vertices in G with degree less than t + 100s log2 t.

If |Vsm| > t + 100s log2 t, then there is a set V ′
sm ⊆ Vsm such that

t + 100s log2 t ≤
∣∣∣∣∣

⋃

v∈V ′sm

NG[v]

∣∣∣∣∣ ≤ 3t− 1

(we can find such a set by successively adding the closed neighborhood of a

single vertex in Vsm − V ′
sm to V ′

sm). Then we can apply Lemma 2.2.13 with

U = N [V ′
sm] to find our minor.

Thus we have that |V ′
sm| ≤ t + 100s log2 t. Since every vertex not in V ′

sm

has degree at least 3t, we can see that

t|Vsm|
2

+ 3t(n− |Vsm|) ≤
∑

v∈V (G)

dG(v) < 11tn/10
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where the inequality on the right follows from (4). This tells us that

n <
2.5|Vsm|

1.9
< 2|Vsm| < 3t.

If n > t + 100s log2 t, then apply Lemma 2.2.13 with U = V (G). Otherwise,

we are done by applying Lemma 2.2.8.

Case 2: G is not 200s log2 t-connected. Let k = d200s log2 te and let S be

a separating set in G of size less than k. Let V1 and V2 be nonempty and

partition V (G) − S such that EG−S[V1, V2] = ∅. Since N(Vi) − Vi ⊆ S, we

know |N(Vi)− Vi| ≤ |S| < k, so Vi is k-separable for i = 1, 2. Let Wi be an

inclusion-minimal k-separable set contained in Vi and let Si = N(Wi)−Wi.

Then we have, by Lemma 2.2.12, that the graph Gi = G[Wi∪Si] is 100s log2 t-

connected.

Case 2.1: |Wi ∪ Si| ≥ t + 100s log2 t for some i. In this case, we essentially

recreate the argument for Case 1, with only some slight modifications.

Fix i such that the condition of this Case is satisfied. Then Gi has no

vertex v with

t + 100s log2 t ≤ dGi
(v) ≤ 3t− 1,

by Lemma 2.2.13. Let Vsm = {v ∈ Gi : dGi
(v) < t + 100s log2 t}. If Vsm

has size larger than t+100s log2 t, then again we are done by Lemma 2.2.13.

Otherwise, |Vsm| ≤ t + 100s log2 t, so

n(Gi) <
2.5|Vsm|

1.9
< 3t.

Apply Lemma 2.2.13 to Gi with U = V (Gi).

Case 2.2: |Wi ∪ Si| < t + 100s log2 t for i = 1, 2. Each vertex in Wi is

adjacent to at most |Si| ≤ 200s log2 t vertices outside Wi. Therefore at

most |Wi|2 + 200s log2 t|Wi| edges are incident to Wi. On the other hand,
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by condition (1), we know Wi must be incident to at least t|Wi|/2 edges.

Putting these together, we get |Wi| ≥ t− 400s log2 t.

If we define Hi to be G[Wi], then clearly

δ(Hi) ≥ δ(G)− |Si| ≥ t/2− 200s log2 t.

Also, Hi must be 400s log2 t-connected. To see this, suppose S0 were a sepa-

rating set in Hi of size less than 400s log2 t. Let H0 be the smallest component

of Hi − S0, so that H0 has order at most t/2 + 50s log2 t. Then the number

of edges of G incident to H0 is at most |H0|2/2+ |Si||H0|. Again, though, by

(1), there must be at least t|H0|/2 edges incident to H0. However,

|H0|2
2

+ |Si||H0| ≤ |H0|2
2

+ |H0|200s log2 t ≤ |H0|
(

t

4
+ 225s log2 t

)
<

t|H0|
2

,

a contradiction. Therefore κ(Hi) ≥ 400s log2 t.

In summary, we have

(a) n(Hi) ≤ t + 100s log2 t ≤ 6t/5,

(b) κ(Hi) ≥ 400s log2 t ≥ 3s log3/2 n(Hi), and

(c) δ(Hi) ≥ t/2− 200s log2 t ≥ 2t/5 + 3s log3/2 n(Hi).

We may therefore apply Lemma 2.2.11 to Hi (with k = 2t/5 and α = 3) to

find s disjoint subsets Ai
1, . . . , A

i
s of V (Hi) such that, for j ∈ {1, . . . , s},

(1) Hi[A
i
j] is connected,

(2) |Ai
j| ≤ 3 log3/2 |Wi| < 6 log2 |Wi|, and

(3) Ai
j dominates Wi − Ai

1 − . . .− Ai
j−1.

Since G is s-connected, there are s pairwise vertex disjoint S1, S2-paths

P1, . . . , Ps. We may assume that Si and Pj only intersect in one vertex; call

this vertex pi,j. Since there are at least t/2 triangles on every edge of G,

and since pi,j has a neighbor wi,j ∈ Wi, we know pi,j must have at least

t/2 − |Si| ≥ t/2 − 200s log2 t neighbors in Wi. Therefore, we can find, in a

greedy fashion, 2s distinct vertices

qi,j ∈ Wi −
s⋃

k=1

Ai
k
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Figure 2.3: The sets Fj

such that pi,jqi,j ∈ E(G).

Define Fj = A1
j ∪ A2

j ∪ V (Pj) ∪ {q1,j, q2,j} for j ∈ {1, . . . , s}. Then we

know, for all j,

(i) G[Fj] is connected,

(ii) the Fj’s are pairwise disjoint, and

(iii) Fj dominates
⋃2

i=1 Wi − F1 − . . .− Fj−1.

Since
∣∣∣∣∣

2⋃
i=1

Wi − F1 − . . .− Fj−1

∣∣∣∣∣ ≥ 2(t− 400s log2 t− 6s log2 2t− s) > t,

contracting each Fj to a single vertex shows that G has a K∗
s,t-minor.

This completes the proof.

Theorem 2.2.15 Let s ≥ 3 and t >
(
2 · d8s log2 s + 1e! · (2s)d8s log2 s+1e)2

be

integers. Let G be a graph of order n with

e(G) >
t + 3s

2
(n− s + 1).

Then G contains a K∗
s,t-minor.

Proof. Let G be as above, and let G′ be a subgraph of G which is minor-

minimal with respect to the edge condition.
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If n(G′) < 10t/9, we are done by Lemma 2.2.8, so suppose that n(G′) ≥
10t/9.

If any subset W of V (G′) were adjacent to fewer than |W |t/2 edges,

G′ −W would satisfy the edge condition. Similarly, if there were an edge of

G′ in fewer than t/2 triangles, then contracting this edge would give a minor

of G′ satisfying the edge condition. Finally, if any subgraph of G′ had aver-

age degree at least 11t/10, it too would satisfy the edge condition. All these

contradict the choice of G′, so none hold. Thus we can apply Theorem 2.2.14

to G′ to find a K∗
s,t-minor in G′ and hence in G.

2.3 The Case s = 3

For small values of s, Myers’ construction is optimal: Myers [41] and Chud-

novsky, Reed, and Seymour [18] showed this for s = 2. The aim of this section

is to show the same for s = 3 by proving Theorem 2.1.6. The most difficult

case, when G has order at most t+6, will be handled by Lemma 2.3.3. After

that we will use a ∆-system argument to reduce the problem to graphs with

at least t + 33 vertices, at which point we can use results of Subsection 2.2.2

to complete the proof.

Proposition 2.3.1 Let G be a graph of order n with e(G) > 1
2
(t + 3)(n −

2) + 1. If G has a dominating vertex, then G contains a K3,t-minor.

Proof. If v is a dominating vertex in G, then

e(G− v) >
1

2
(t + 3)(n− 2) + 1− (n− 1) =

1

2
(t + 1)(n(G− v)− 1),

so by Theorem 2.1.2, G−v has a K2,t-minor. Adding v to the smaller partite

set gives a K3,t-minor in G.
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Lemma 2.3.2 Let G be a graph of order n = t + 5 ≥ 108900 which is

minor-minimal with respect to the condition

e(G) >
1

2
(t + 3)(n− 2) + 1.

Then G contains a K3,t-minor.

Proof. We will prove this using a discharging argument. Let H = G. We

begin with several structural claims about H. Note that the edge condition

on G tells us that e(H) < (3n − 7)/2. Also, δ(G) ≥ (t + 3)/2, otherwise G

would not be subgraph-minimal with respect to the edge condition. Finally,

H has no isolated vertices by Proposition 2.3.1.

Claim 1 H is connected.

Proof of Claim. Suppose H is disconnected. H has no isolated vertices, so

every component of H has at least two vertices. If H has a component of

order 2, we can delete the neighbors of a vertex of degree at most 2 in H to

get a K3,t-subgraph in G. Otherwise, let v be a vertex of degree at most 2

in H. We can find two disjoint pairs (u1, w1) and (u2, w2) such that ui and

wi are in different components of H and NH(v) ⊆ {u1, u2}. In G, contract

both edges u1w1 and u2w2 to get a K3,t-minor. ¤

Claim 2 If there is a vertex x adjacent to two vertices of degree 1 in H, then

H has no other vertices of degree 1.

Proof of Claim. Suppose there is another vertex of degree 1 with neighbor

y. Then G − x − y has three dominating vertices, and thus G has a K3,t-

subgraph. ¤

Claim 3 For every x, y ∈ V (H), the number of components of order at most

3 in H − x− y is at most 2.
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Proof of Claim. Suppose to the contrary that H − x − y contains three

components C1, C2, and C3 of order at most 3. Then |V (Ci)| = 2 for each i,

otherwise G−x−y would have a K3,t-subgraph. Let Nx,y = NH(x)∩NH(y),

and define Nx = NH(x)−Nx,y, Ny = NH(y)−Nx,y, and R = V (G)−Nx −
Ny −Nx,y.

Suppose there is a vertex z ∈ R with no neighbor in Nx,y (in H). In G,

contract the edges xz and yz to get a dominating vertex, which together with

the two vertices in some Ci not containing z gives the smaller partite set of

a K3,t-minor. We conclude that for every z ∈ R there is a common neighbor

in H of x, y, and z.

Now suppose that the only common neighbor (if one exists) of x and

z ∈ Nx is y. In G, delete y and contract xz to get a new vertex v. Then v

dominates G− y, so it along with the two vertices of some Ci not containing

z form the smaller partite set of a K3,t-minor. We conclude that z and x

have a common neighbor other than y, and by symmetry y and every z ∈ Ny

have a common neighbor other than x.

We now aim to show that R contains two vertices of degree 1 with a

common neighbor in Nx,y. To see this, assume otherwise, and consider the

following discharging scheme from E(H) to V (H). Each edge initially carries

weight 1. Every edge of EH({x, y}, Nx ∪Ny) gives its weight to the endpoint

in Nx ∪ Ny. If an edge connects {x, y} to z ∈ Nx,y and z has a neighbor

w of degree 1 in R, it gives weight 3/4 to z and 1/4 to w. Otherwise, this

edge gives all its weight to z. Any edge of EH(R, V (H) − R) gives all its

weight to its endpoint in R, and all other edges give weight 1/2 to each

endpoint. As a result of this discharging, each vertex in Nx,y receives at least

2 · (3/4) from the edges connecting it to {x, y}. Every vertex in Nx ∪ Ny

receives 1 from the edge connecting it to {x, y} and at least 1/2 from the

edges in Nx∪Ny∪Nx,y (from the edge connecting it to the common neighbor

guaranteed by the third paragraph). Each vertex z ∈ R receives at least

1 from a neighbor z′ ∈ Nx,y (z′ being the common neighbor of x, y, and z
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guaranteed by the second paragraph), and another 1/2 from a neighbor in

Nx∪Ny∪Nx,y (if it has degree greater than 1) or an additional 2 · (1/4) from

the edges connecting z to {x, y}. Therefore, every vertex outside of {x, y}
ends up with weight at least 3/2, so e(H) ≥ 3(n− 2)/2, a contradiction.

Let z ∈ Nx,y be the vertex with two neighbors in R of degree 1 (whose ex-

istence is guaranteed by the last paragraph), and let w1, w2 ∈ R be neighbors

of z with degree 1 in H. Note that the discharging of the last paragraph gives

all vertices charge 3/2 except x, y, and z (which gets 1/2). If xy ∈ E(H) or

some Ci sends at least three edges to {x, y}, then the sum of the terminal

charges is still at least 3(n− 2)/2, so neither of these happens. If any vertex

a of Ci had degree 1 in H and j 6= i, then delete y and contract ax in G, and

this new vertex along with the vertices of Cj represent the smaller partite set

of a K3,t-minor. Therefore each vertex of each Ci has a neighbor in {x, y}.
Let V (C1) = {v1, v2}. If both v1 and v2 are adjacent to x, then in H − x− z

the vertices v1, v2, and w1 have no neighbors outside of themselves, so in

G they are the smaller partite set of a K3,t-subgraph. We may therefore

assume that xv1, yv2 ∈ E(H). In G, contract v1y and v1z. Then {w1, w2, v2}
represent the smaller partite set of a K3,t-minor in G. ¤

Claim 4 For every x, y ∈ V (H), the number of tree-components in H−x−y

that send at most two edges to {x, y} is at most 3.

Proof of Claim. Suppose there are x, y ∈ V (H) such that H − x− y has at

least four tree-components which send at most two edges to {x, y}; let C1,

C2, C3, and C4 be four such tree-components. We can assume without loss

of generality, by Claim 3, that |V (C1)| ≥ |V (C2)| ≥ 4.

Suppose that x has no neighbor in Ci for some i ∈ {1, 2}. Let v1, . . . , vk

be the vertices of a longest path in Ci. If there is a leaf adjacent to v2 other

than v1, then in G we can contract v2 into a vertex of C3−i and delete y.

The resulting graph has three dominating vertices (the leaves adjacent to v2
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and the new vertex), so G has a K3,t-minor. If v2 has no leaf neighbor other

than v1, then it must have degree 2. In G, contract v3 into a vertex of C3−i

and delete y. Then v1, v2, and the new vertex are the smaller partite set of a

K3,t-minor. We may therefore assume, by symmetry, that both x and y have

a neighbor in C1 and C2.

Now suppose that x and y have a common neighbor z in Ci for some

i ∈ {1, 2}. Consider Ci − z. If it has a component with at least 4 vertices,

then it has a longest path v1, . . . , vk such that neither v1 nor vk is adjacent to

z and such that if v2 is adjacent to only one leaf neighbor in Ci − z, then v2

has degree 2 in H. Applying the argument of the last paragraph shows that

G has a K3,t-minor. We may therefore assume that each component of Ci−z

has order at most 3. If any component of Ci − z has order exactly 3, then

the vertices of this component form the smaller partite set of a K3,t-subgraph

in G. If a component of Ci − z has order 1, then since Ci − z has at least

three vertices, there is a set of components of Ci − z whose union has size

exactly 3, so again G − z has a K3,t-subgraph. Therefore each component

of Ci − z has order exactly 2. Let D1 and D2 be two such components and

let d be a vertex of D1. Then D1 ∪D2 − d forms the smaller partite set of a

K3,t-subgraph in G − z − d. We may assume, therefore, that x and y have

no common neighbor in either Ci.

By the arguments of the last two paragraphs, for i ∈ {1, 2}, there is a

vertex vi,x ∈ (NH(x)−NH(y))∩V (Ci) and a vi,y ∈ (NH(y)−NH(x))∩V (Ci).

Suppose that vi,x is a separating vertex of Ci, and let D be the set of

vertices of all components of Ci − vi,x which do not contain vi,y. Contract

the edge vi,xv3−i,y in G to get a new vertex v. If |D| is 2 or 3 or if Ci − vi,x

has two isolated vertices, then D ∪ {v} contains the smaller partite set of a

K3,t-minor in G. If |D| = 1, then let ` be a leaf in the component of Ci− vi,x

containing vi,y such that ` 6= vi,y. Deleting the neighbor in H of `, we get

a K3,t-minor of G whose smaller partite set is D ∪ {`, v}. We are left only

with the case that |D| ≥ 4 and D has a component C∗ with more than one
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vertex. Contract the neighbor of a leaf ` in D with a vertex in C3−i. This

new vertex along with ` and v forms the smaller partite set of a K3,t-minor

in G. We conclude that vi,x and vi,y are leaves in Ci.

Let v1, . . . , vk be the path in C1 from v1 = v1,x to vk = v1,y. We know

k ≥ 3 since |V (C1)| > 2. In G, contract v1v2,y to get a new dominating vertex

v. If there is a leaf ` ∈ C1 − {v1, vk}, contract its neighbor into v2,x in G to

get a new vertex w; now {v, w, `} is the smaller partite set of a K3,t-minor.

Otherwise, let w be the vertex resulting from contracting v3v2,x in G; now

{v, w, v2} is the smaller partite set of a K3,t-minor.

This completes the proof of the Claim. ¤

Claim 5 H has no dominating set of size less than
√

n/10.

Proof of Claim. Let S be a dominating set of H with |S| = s <
√

n/10. Let

T = V (H)−S. Let HT = H[T ]. Let m be the number of components of HT

which are trees. Since S dominates H, |EH(S, T )| ≥ |T |. Therefore

e(HT ) < (3n− 7)/2− |T | < n/2− 3 + s,

so m ≥ n/2 + 3 − 2s. Let ci,j denote the number of tree components C of

HT with i vertices and |EH(C, S)| = j.
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Claim 4 tells us that
∑

i(ci,1 + ci,2) ≤ 3
(

s
2

)
. Also, e(HT ) ≥ n(HT )−m =

n− s−m. Therefore

e(H) ≥ e(HT ) + |EH(S, T )| (2.5)

= e(HT ) +
∑

i

∑
j

j · ci,j (2.6)

≥ (n− s−m) + 3m−
∑

i

(2ci,1 + ci,2) (2.7)

≥ n− s + 2m− 2
∑

i

(ci,1 + ci,2) (2.8)

≥ n− s + 2m− 6

(
s

2

)
(2.9)

≥ n− s + 2(n/2 + 3− 2s)− 6

(
s

2

)
(2.10)

≥ 2n + 6− 5s− 3n

100
(2.11)

> 3n/2 (2.12)

(2.13)

since n ≥ 5. This contradiction finishes the proof of the Claim. ¤

Claim 6 Every vertex of degree 2 in H has a neighbor of degree at least√
n/10− 10.

Proof of Claim. Let NH(v) = {u, w} and suppose u and w have degree at

most
√

n/10−10. By Claim 5, there must be at least 8 vertices at distance at

least 3 from x; otherwise, NH [u]∪NH(v) along with the vertices at distance

at least 3 from x constitute a dominating set of H with size at most
√

n/10.

The same holds true with y in place of x, so we can find distinct x′ and y′

at distance at least 3 from x and y, respectively. In G, contract xx′ and

yy′. These two new vertices along with v form the smaller partite set of a

K3,t-minor. ¤
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Define a 2-vertex to be a vertex of degree 2 in H, and say that a 2-vertex

is weak if one if its neighbors has degree at most 5.

Claim 7 If a vertex v ∈ V (H) is adjacent to at least 15 weak 2-vertices,

then it has at least 5 neighbors of degree at least 3.

Proof of Claim. Suppose otherwise, and let the weak 2-vertices adjacent to

v be z1, . . . , zs with s ≥ 15. Let yi be the neighbor of zi which is not v. Let

x1, . . . , xk be the neighbors of v with degree at least 4 (so our assumption

implies k ≤ 4). The set {yj : 1 ≤ j ≤ s} has cardinality at least 8, otherwise

some three 2-vertices have the same neighborhood N , implying that G−N

has a K∗
3,t-subgraph. Let X = {x1, . . . , xk} and Y = {y1, . . . , ys}.

Suppose some yj ∈ Y −X has no neighbor in X. Let zj be a neighbor of

yj. Contract vyj in G to get a new vertex v′. If v and yj have one common

neighbor in H and zj′ is not adjacent to yj, then delete the neighbor in H of

zj′ ; now {v′, zj, zj′} is the smaller partite set of a K3,t-minor in G. If v and

yj had two common neighbors, then these two along with v′ are the smaller

partite set of the K3,t-minor. Therefore every yj ∈ Y −X has a neighbor in

X.

Suppose now that there is in H a vertex w at distance at least 3 from

v. Since z1, . . . , zs are weak, each yj has at most 4 neighbors in Y . We can

assume without loss of generality that y1y2 6∈ E(H). In G, contract y1y2 and

vw. Together with z1 and z2, the vertex created by contracting vw form the

smaller partite set of a K3,t-minor in G.

Putting the last two paragraphs together, X ∪ {v} is a dominating set in

H, contradicting Claim 5. ¤

Claim 8 If a vertex v ∈ V (H) with degree at most
√

n/10 − 10 is adjacent

to a vertex of degree 1, then there are no other vertices of degree 1 in H.

Proof of Claim. Let y be a neighbor of v with degree 1. Let z be another

vertex of degree 1 whose neighbor is z′. By Claim 5 there are at least 9
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vertices at distance at least 3 from v (otherwise these vertices along with

NH [v] is a dominating set with too small a size). Let w be such a vertex. In

G, contract vw. The new vertex along with y and z form the smaller partite

set of a K3,t-minor in G. ¤

Consider the following discharging scheme on V (H). Initially each vertex

has charge φ(v) = dH(v), so
∑

v∈V (H) φ(H) ≤ 3n− 7. The rules for discharg-

ing are as follows:

Rule 1: If dH(v) ≥ √
n/10 − 10 and v has neighbors of degree 1, then v

gives charge 2 to one of them and nothing to the rest.

Rule 2: If v is a weak 2-vertex, then it receives charge 1 from the neighbor

of the larger degree.

Rule 3: If v is a non-weak 2-vertex, then v gets charge 1/2 from each neigh-

bor.

We will now show that the new charge φ′(v) is at least 3 for every v, with

the possible exception of a single vertex. This implies

2e(H) =
∑

v∈V (H)

φ′(v) ≥ 3n− 3,

a contradiction. To do this, we consider cases for dH(v).

Case 1: d(v) = 1. If φ′(v) < 3, v must either have been adjacent to a vertex

of degree at least
√

n/10− 10 which itself was adjacent to another vertex of

degree 1 or v was adjacent to a vertex of degree at most
√

n/10− 10. In the

former case, by Claim 2 there is at most one such vertex. In the latter, by

Claim 8, there are no other vertices of degree 1 in H.

Case 2: d(v) = 2. Since v never gives away any charge, and Rules 2 and 3

give v an additional charge of 1, φ′(v) = 3.
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Case 3: 3 ≤ d(v) ≤ 5. No charge is given away by v.

Case 4: 6 ≤ d(v) <
√

n/10 − 10. Claim 6 tells us every 2-vertex has a

neighbor of degree at least
√

n/10 − 10, so v is not adjacent to any weak

2-vertices. Therefore v only gives charge away through Rule 3, and then at

most 1/2 to each neighbor. Since it loses at most d(v)/2, it retains charge at

least d(v)/2 ≥ 3.

Case 5: d(v) ≥ √
n/10 − 10. If v is adjacent to fewer than 15 weak 2-

vertices, then it gives away charge at most 2 + (dH(v)− 1)/2 + 14/2, and so

φ′(v) ≥ (dH(v) − 17)/2 ≥ 3. If v is adjacent to at least 15 weak 2-vertices,

then by Claim 7, v gives away at most 2+(dH(v)−5) = dH(v)−3, so φ′(v) ≥ 3.

This completes the proof.

Lemma 2.3.3 Let t and m be integers such such t ≥ 108900 and 3 ≤ m ≤ 6.

Let G be a graph on n = t + m vertices with

e(G) >
1

2
(t + 3)(n− 2) + 1.

Then G contains a K3,t-minor.

Proof. We consider separately each value of m.

If m = 3, then the edge condition guarantees three dominating vertices

in G, so G contains a K3,t-subgraph.

If m = 4, then G contains less than n − 2 edges, so it has at least 3

components that are trees. By Proposition 2.3.1 we may assume G has no

isolated vertices. Let x1 and x2 be vertices of degree 1 in different components

in G, and let yi be the neighbor of xi. In G, if we contract y1 and y2 into
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a new vertex y, then x1, x2, and y have t common neighbors, so G has a

K3,t-minor.

If m = 5, we are done by Lemma 2.3.2.

If m = 6, we have that e(G) < 2n− 4. If any vertex had degree less than

(t+3)/2 in G, we could delete it and apply the argument for m = 5. Therefore

we can assume dG(v) ≥ (t + 3)/2 for all v ∈ V (G), so ∆(G) ≤ (t + 7)/2 =

(n + 1)/2. By a result of Erdős, Rényi, and Sós [25], the maximum number

of edges in a graph of diameter 2 and maximum degree at most 11n/20 is

2.9n− 11. Let S ⊂ V (G) have cardinality at most 4. Then

e(G− S) ≤ 2n− 4 < 2.9(n− |S|)− 11

and

∆(G− S) ≤ n + 1

2
≤ 11(n− |S|)

20
,

so G− S cannot have diameter 2. Therefore we can find three disjoint pairs

(vi
1, v

i
2) for i ∈ {1, 2, 3} with distG(vi

1, v
i
2) ≥ 3 for each i. Contracting each

edge vi
1v

i
2 in G gives K3,t as a minor of G.

A ∆-system is a hypergraph with edge set {A1, . . . , Am} and a set K such

that Ai ∩ Aj = K whenever i 6= j. The set K is called the kernel of the

∆-system.

We will need the following Lemma on ∆-systems, commonly known as

the Sunflower Lemma.

Lemma 2.3.4 ([24]) Let H be a hypergraph whose edges all have cardinality

at most r. If H has at least r!(k − 1)r edges, it contains a ∆-system with k

edges.

Lemma 2.3.5 Let t, s, and d be positive integers satisfying

t ≥ ((d + 1)!(2s)d+1)2.
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Let H be a graph of order n = t + 2s + d. Suppose that e(H) < 1
2
(d + 4)n

and that ∆(H) ≤ t/2 + d. Then there is a set D such that

(1) |D| ≤ d and H −D has s disjoint pairs of vertices at distance at least 3,

or

(2) |D| ≤ d + 1 and H −D has s isolated vertices.

Proof. Suppose first that there are at least 2(d + 1)!(2s)d+1 vertices with

degree at most d + 1 in H. Then there is some i ≤ d + 1 such that H has at

least i!(2s)i vertices of degree i. Let NH be the hypergraph with vertex set

V (H) and edge set {NH(v) : dH(v) = i} (edges appearing with multiplicity).

By Lemma 2.3.4, NH contains a ∆-system on 2s + 1 sets; let these sets be

NH(vj) for 1 ≤ j ≤ 2s + 1. Suppose that the kernel K of the ∆-system has

cardinality less than i. Since vj can only be contained in NH(vk) for one

value of k, there is a matching M on s edges in H[v1, . . . , v2s+1]. Let D = K.

Then the endpoints of the edges of M witness that H satisfies (1). If K

has cardinality i, then letting D = K, we have that v1, . . . , vs are isolated in

H −D.

Let V0 ⊆ V (H) be the set of vertices of degree at most d + 1. From the

last paragraph, we may assume |V0| ≤ 2(d + 1)!(2s)d+1 ≤ √
n. Let N2(v) be

the set of vertices at distance 1 or 2 from v in H. Then

S(H) :=
∑

v∈V (H)

|N2
H(v)| ≤

∑

v∈V (H)

∑

u∈NH(v)

dH(u) =
∑

v∈V (H)

dH(v)2.

Since x2 is a convex function, the sum on the right is maximized when each

vertex of V0 has degree 0 and all but at most one vertex of V (H) − V0 has

degree d + 2 or ∆(H). Therefore,

S(H) ≤ (d + 2)2n + (((d + 4)− (d + 2))n + (d + 2)
√

n)∆(H),

which is less than .91n2 (using d + 2 ≤ √
n/36) unless H has a vertex x of

degree at least .43n. In that case,

S(H − x) ≤ (d + 2)2n + (2n− dH(x) + (d + 2)
√

n)∆(H)
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≤ (d + 2)2n + (1.57n + (d + 2)
√

n)(t/2 + d) ≤ .91n2.

Let D = {x} if x exists and D = ∅ otherwise (that is, if ∆(H) ≤ .43n). Since

S(H −D) ≤ .92(n− 1)(n− 2), there must be s vertices v1
1, . . . , v

s
1 in H −D

for which |N2(vi
1)| ≤ .95n. Then we can find s distinct vertices v1

2, . . . , v
s
2 in

H − {v1
1, . . . , v

s
1} −D such that distH(vi

1, v
i
2) ≥ 3 for 1 ≤ i ≤ s. But then H

satisfies (1), so we are done.

Lemma 2.3.6 Let t, s, and d be positive integers satisfying

t ≥ ((d + 1)!(2s)d+1)2.

Let G be a graph of order n = t+2s+d which is minor-minimal with respect

to the condition

e(G) >
1

2
(t + 3)(n− 2) + 1.

Then G contains a K3,t-minor.

Proof. Let G be as above. This implies that G has minimum degree at least

(t + 3s + 1)/2, so ∆(G) ≤ t/2 + d. Also,

e(G) <
1

2
(d + 4)n(G).

By Lemma 2.3.5, there is a subset D ⊆ V (G) such that |D| ≤ d and G−D

has 3 disjoint pairs of vertices at distance at least 3 or |D| ≤ d+1 and G−D

has 3 isolated vertices. In the first case, contracting the three pairs in G gives

the vertices of the smaller partite set of a K3,t-minor. In the second, the three

isolated vertices in G−D are the smaller partite set of a K3,t-subgraph of G.

Proof of Theorem 2.1.6. Let G′ be a minor-minimal subgraph of G with re-

spect to the edge condition. If n(G′) ≤ t+6, apply Lemma 2.3.3. Otherwise,

if n ≤ t+32, apply Lemma 2.3.6 to G′ with s = 3. If t+33 ≤ n(G′) ≤ 10t/9,

apply Lemma 2.2.6. Finally, if n > 10t/9, we can apply Lemma 2.2.14 to G′.
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Either way, G′, and hence G, contains a K3,t-minor. ¤

Note that Theorem 2.1.6 did not guarantee the existence of a K∗
3,t-minor

in G. This is because the edge bound of Theorem 2.1.6 is insufficient to force

a K∗
3,t-minor. To see this, notice that if H = mK2 and t = 2m − 4, then

G = H has no K∗
3,t-minor but satisfies

e(G) =
1

2
(t + 2)n >

1

2
(t + 3)(n− 2) + 1.

To get larger examples (that is, with n larger with respect to t), one can take

many copies of G and identify all the copies of a single non-edge uv 6∈ E(G).

46



Chapter 3

Domination

3.1 Introduction

A dominating set of a graph G is a set D ⊆ V (G) such that every vertex of

V (G)−D has a neighbor in D. The domination number of G, written γ(G)

is the smallest size of a dominating set of G.

Domination is the subdiscipline of graph theory that studies the sizes and

structures of dominating sets in graphs. The book [28] provides an excellent

extensive introduction to the field, and its companion text [27] surveys many

related advanced topics.

Much of the contemporary study of domination centers on generalizations

of the domination problem. One way to generalize the problem is to redesig-

nate which vertices are to be dominated. For example, a total dominating set

of G is a subset D ⊆ V (G) such that every vertex in V (G) has a neighbor in

D. Another way to change the problem is to redetermine how many neigh-

bors each vertex of G should have in the dominating set. In this direction

we have k-dominating sets, where every vertex not in the set has at least k

neighbors in the set (a dominating set is, then, a 1-dominating set).

One recent trend in domination is the study of dominating functions.

Dominating functions stem from the idea of considering D ⊆ V (G) not as a
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set, but rather as its characteristic function χD (χD(v) is 1 if v ∈ D and 0

otherwise). Therefore a dominating set D in G is one for which

∑

u∈NG[v]

χD(u) ≥ 1 (3.1)

for every vertex v ∈ V (G). If we define the weight of a function f : V (G) →
R to be

∑
v∈V (G) f(v), then γ(G) is the minimum weight of a dominating

function of G.

Variations of dominating functions arise by altering the defining condition

(that corresponding to Equation 3.1). For example, a Roman dominating

function (hereafter RDF) of G is a map f : V (G) → {0, 1, 2} such that

every vertex in f−1(0) has a neighbor in f−1(2). The Roman domination

number of G, written γR(G), is the minimum weight of an RDF of G. Note

that the vertices of positive weight in an RDF of G are a dominating set, so

γR(G) ≥ γ(G). On the other side, the RDF giving weight 2 to the vertices

of a minimum dominating set and 0 to all other vertices has weight 2γ(G),

so γR(G) ≤ γ(G).

One way to study the extremal behavior of a parameter P (G) is to con-

sider the relationship between P (G) and P (G), where G is the complement

of G. Nordhaus-Gaddum results for P refer to upper and lower bounds on

P (G) + P (G) or P (G)P (G), usually in terms of the order of G. Relating G

and G like this gives results of this type a Ramsey flavor. Such bounds have

been derived for many graph parameters, including domination variants. For

example, Jaeger and Payan derived the following result for γ(G).

Theorem 3.1.1 ([31]) For any graph G on n vertices,

γ(G) + γ(G) ≤ n + 1

γ(G)γ(G) ≤ n.

In this chapter, we will study the extremal behavior of certain domination

parameters. The first parameter we consider, in Section 3.2, is γ(G) itself.
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We reprove a Nordhaus-Gaddum bound for γ(G) due to Jaeger and Payan.

Then, in Section 3.3, we extend that result to γk(G) for k > 1. Section 3.4

sees several applications of the methods of Sections 3.2 and 3.3 to parameters

which behave like γ(G) or γk(G). Finally, in Section 3.5, we take another

approach, studying when the Roman domination number γR(G) is close to

γ(G) or to 2γ(G) (it is trivially bounded between the two).

3.2 Nordhaus-Gaddum Bounds for Domina-

tion

In this section, we reprove Theorem 3.1.1. The original proof of Jaeger and

Payan was both short and elegant. However, our proof has the advantage

of being easily adapted to derive similar results not just for the domination

number of G, but also for similar parameters. Indeed, this method was devel-

oped in [16] for use with Roman domination. This method will be extended

to k-domination in the next Section, and in Section 3.4 we demonstrate how

to apply these techniques to domination-like parameters.

The idea of the proof is to show that γ(G)γ(G) is maximized when

diam(G) or diam(G) is at least 3. From there, a short ad hoc argument

suffices to finish the proof.

One key lemma we will need is due to Arnautov [3] and Payan [43], which

was reproved by an application of the probabilistic method in [2].

Lemma 3.2.1 ([2]) Let G be a graph of order n with δ(G) = k. Then

γ(G) ≤ ln(k + 1) + 1

k + 1
n.

We are now ready to show that γ(G)γ(G) is small when diam(G) and

diam(G) are at most 2.
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Theorem 3.2.2 Let G be a graph of order n such that both diam(G) and

diam(G) are at most 2. Then

γ(G)γ(G) ≤ 4 (n ln(n))2/3 .

Proof. Let G be such a graph, and let v be a vertex of minimum degree in

G. Let R = V (G)−NG[v].

Define sets A1, . . . , Aq and A∗ as follows: while Bj = NG(v) − ⋃
i<j Ai

dominates R, let Aj be a minimal subset of Bj that dominates R and incre-

ment j. If Bj does not dominate R, then let A∗ = Bj and let q = j − 1.

Since Ai is a minimal dominating set for R, there is an ri ∈ R which is

adjacent to only one vertex, say ai, in Ai. Also, since A∗ does not dominate

R, there is a vertex r∗ ∈ R with no neighbors in A∗.

Now, v together with the smallest Ai form a dominating set of G, so

γ(G) ≤ 1 + min
i

(|Ai|) ≤ 1 + dG(v)/q.

Also, the set {ri, ai : 1 ≤ i ≤ q} ∪ {r∗, v} is a dominating set of G, so

γ(G) ≤ 2q + 2. Therefore

γ(G)γ(G) ≤ (1 + dG(v)/q)(2q + 2) ≤ 4dG(v) + 4,

which is less than 4 (n ln(n))2/3 if dG(v) ≤ (n ln(n))2/3 − 1.

We may therefore assume that δ(G), and by symmetry δ(G), is at least

(n ln(n))2/3 − 1. Apply Lemma 3.2.1 to see that γ(G) and γ(G) are at most

ln
(
(n ln(n))2/3

)
+ 1

(n ln(n))2/3
n ≤ 2 (n ln(n))1/3 ,

so

γ(G)γ(G) ≤
(
2 (n ln(n))1/3

)2

= 4 (n ln(n))2/3 ,

and we are done.
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Theorem 3.2.3 Let G be a graph of order n ≥ 4538. Then

γ(G)γ(G) ≤ n.

Furthermore, equality holds only if {γ(G), γ(G)} is {1, n} or {2, n/2}.
Proof. If G and G have diameter at most 2, then

γ(G)γ(G) ≤ 4 (n ln(n))2/3 < n.

We may therefore assume, by symmetry, that diam(G) ≥ 3.

If G has an isolated vertex, then γ(G) = 1, so

γ(G)γ(G) ≤ n,

with equality only if γ(G) = n.

Based on the last paragraph, we may assume that G has minimum degree

at least 1. It is well-known that in this case γ(G) ≤ n/2, since if A is a

minimum dominating set in G, then V (G) − A is a dominating set of G as

well. If u and v are vertices at distance at least 3 in G, then {u, v} is a

dominating set of G, so γ(G) ≤ 2. Therefore

γ(G)γ(G) ≤ n,

with equality only if γ(G) = n/2.

Note two differences between Theorems 3.2.3 and 3.1.1. First, Theo-

rem 3.1.1 applies for all n, whereas Theorem 3.2.3 only applies when n is

sufficiently large. Second, Theorem 3.1.1 does not characterize equality, but

Theorem 3.2.3 does.

3.3 Nordhaus-Gaddum Bounds for k- Domi-

nation

For a graph G, a set D ⊆ V (G) is a k-dominating set of G if every vertex in

V (G) − D has at least k neighbors in D. The k-domination number of G,
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written γk(G), is the minimum size of a k-dominating set of G.

For any graph G on n ≥ k vertices, we have trivially that k ≤ γk(G) ≤ n.

Equality in the upper bound is achieved whenever the maximum degree of

G is less than k. If we rule out small degree vertices, this bound can be

improved.

Theorem 3.3.1 ([22, 14]) If G is a graph of order n with minimum degree

at least k, then γk(G) ≤ kn/(k + 1).

The goal of this section is to establish Nordhaus-Gaddum bounds for k-

domination, thereby generalizing Jaeger and Payan’s Theorem 3.1.1 to k > 1.

Main Result. For any integer k ≥ 2 and any graph G of order n ≥ n0(k),

8k/3 ≤ γk(G) + γk(G) ≤ n + 2k − 1

16k2/9 ≤ γk(G)γk(G) ≤ (2k − 1)(n− k + 2).

Furthermore, these bounds are sharp.

The Main Result will be established in several pieces, namely, Theo-

rems 3.3.2, 3.3.13, and 3.3.17.

The function n0(k) appearing in the Main Result is small for three of the

inequalities. Indeed, the lower bounds hold already for n ≥ 25k/9, and the

upper bound for sums is valid for all n. Our argument for the upper bound

on products, however, requires n to be at least exp (Ω(k log k)). For smaller

values of n, we can prove a weaker product upper bound of the same order

of magnitude (that is, O(kn)).

When the ratio ∆(G)/δ(G) is small enough (for example, for regular

graphs) and n is large, we can improve the product upper bound to

γk(G)γk(G) ≤ (k + 1)n,
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and if in addition δ(G) ≥ k, then

γk(G)γk(G) ≤ kn.

This constitutes Theorem 3.3.18.

In the case k = 2, we can use some of our results to prove a conjecture of

Alon, Balogh, Bollobás, and Szabó concerning game domination.

The proofs of these results employ a variety of methods. Most involve

combinatorial reasoning aided by the probabilistic method. The upper bound

on products, though, introduces a novel approach based on ∆-systems.

The organization of this section is as follows. In subsection 3.3.1, we

derive the lower Nordhaus-Gaddum bounds for γk. In subsections 3.3.2 and

3.3.3, we prove a handful of lemmas and propositions that will be needed for

the upper bounds. In subsection 3.3.4, we develop ∆-systems as a tool for

subsection 3.3.5, where we derive both the upper Nordhaus-Gaddum bounds

for γk mentioned in the Main Result and a weaker product bound valid for all

values of n. Finally, subsection 3.3.6 improves the bounds of the subsection

prior when the ratio ∆(G)/δ(G) is small.

3.3.1 Lower Bounds

In this section we present the following theorem giving Nordhaus-Gaddum-

type lower bounds for γk.

Theorem 3.3.2 Let G be a graph of order n ≥ 25k/9. Then

γk(G) + γk(G) ≥ 8k/3

and

γk(G)γk(G) ≥ 16k2/9.

Proof. Let A be a minimum k-dominating set of G, let B be a minimum

k-dominating set of G, and let C = A∩B. Let a = |A|, b = |B|, and c = |C|.
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Suppose first that A ∪ B = V (G). Then, because γk is at least k for G

and G, we have

γk(G)γk(G) ≥ k(n− k) ≥ 16k2/9,

which forces γk(G)+γk(G) ≥ 8k/3, so the desired bounds hold. We therefore

assume A∪B 6= V (G). Then, since every vertex not in A∪B sends 2k edges

into A ∪B between G and G, we see that |A ∪B| = a + b− c ≥ 2k.

Now suppose that A = B = C. Then, since each vertex outside C sends

2k edges into C between G and G, we have c ≥ 2k, so

γk(G) + γk(G) = 2c ≥ 4k

and

γk(G)γk(G) = c2 ≥ 4k2.

We may therefore assume A 6= B, so that in particular a + b− 2c 6= 0.

Now, in G, each vertex of B −A has at least k neighbors in A, and in G

each vertex of A− B has at least k neighbors in B. Therefore, by counting

edges, we have

(a− c)k + (b− c)k ≤ |A−B||B|+ |B − A||A| − |A−B||B − A|,

which is equivalent to

(a− c)k + (b− c)k ≤ ab− c2. (3.2)

But then

ab ≥ (a + b− 2c)k + c2 ≥ (2k − c)k + c2. (3.3)

We also know that in G each vertex of A−C has at least k− c neighbors

in B − C, and in G each vertex of B − C has at least k − c neighbors in

A− C. By counting possible edges between A− C and B − C, we have

(k − c)(a + b− 2c) ≤ (a− c)(b− c) ≤ 1

4
(a + b− 2c)2.
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A− C

C1 C2

B − C

V (G)− A ∪B

Figure 3.1: Theorem 3.3.2 is sharp.

Dividing through by a + b− 2c shows a + b− 2c ≥ 4k − 4c. Combining this

with Equation 3.2 yields

ab ≥ k(4k − 4c) + c2. (3.4)

The maximum of the two quadratics in c from Equations 3.3 and 3.4 is

minimized at c = 2k/3, giving us that ab = γk(G)γk(G) ≥ 16k2/9. This

immediately implies that γk(G) + γk(G) ≥ 8k/3, so we are done.

The bounds in Theorem 3.3.2 are sharp when k is divisible by 3, as shown

by the example of Figure 3.1. Let A and B be sets of 4k/3 vertices whose

intersection C is the disjoint union of two sets C1 and C2, each of size k/3.

Lines between sets represent edges in G, whereas dotted lines are edges of G.

Let A−C and B−C be the partite sets of an induced k/3-regular bipartite

graph in G (and, by symmetry, in G). All other edges are arbitrary. It is

easy to see A and B are k-dominating sets for G and G, respectively.
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3.3.2 Some Lemmas

We now set our sights on proving upper bounds. Before we can, though, we

must gather several lemmas. The first two are applications of the probabilis-

tic method. We use P to denote probability and E for expectation.

Theorem 3.3.3 Let k ≥ 2 be an integer and G be a graph of order n.

Suppose that at most m vertices of G have degree less than d ≥ 7k log k.

Then

γk(G) ≤
(

k log d

d
+

k(2e log d)k−1

dk

)
n + m.

Proof. Let M be the set of vertices of degree less than d in G. Choose

a set X ⊆ V (G) by putting each vertex of G into X independently with

probability p = k log d/d, so E(|X|) = pn. Note that since d ≥ 7k log k, we

have p < 1/2.

Let Y be the set of vertices of V (G)−M with fewer than k neighbors in

X. For each vertex v ∈ V (G)−M , let Nv be a set of d neighbors of v. Then

P(v ∈ Y ) ≤ P(|Nv ∩X| < k) =
k−1∑
i=0

(
d

i

)
pi(1− p)d−i

≤ (1− p)d

k−1∑
i=0

(dp)i

i!

(
1

1− p

)i

<
2k−1

dk

k−1∑
i=0

(k log d)i

i!

using that (1− p)d ≤ e−pd = 1/dk and 1/(1− p) < 2. The maximum term of

the sum is that corresponding to i = k − 1, so the sum is at most

k
(k log d)k−1

(k − 1)!
≤ k(2e log d)k−1.

Therefore

E(Y ) = n · P(v ∈ Y ) ≤ n · k(2e log d)k−1

dk
.

Since X ∪M ∪Y is a k-dominating set with expected size pn+m+E(Y ),

there is some k-dominating set with at most the desired size.
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It should be noted that when d is much larger than k, then setting p =

(log d + (k − 1) log log d)/d gives a better bound. However, for the small

values of d with which we are concerned, the ease of presentation justifies

any difference in the bounds.

Lemma 3.3.4 Let k ≥ 2 be an integer and let G be a graph of order n.

Suppose there is a set of q vertices which k-dominates all vertices of G with

degree less than 40k. Then γk(G) < 21n/100 + q.

Proof. Repeat the proof of Lemma 3.3.3 with p = 1/5, so E(X) = n/5.

Let Y be the set of vertices with degree at least d = 40k which are not

k-dominated by X. Then

P(v ∈ Y ) ≤ k

(
4

5

)d
(ed)k−1

(4(k − 1))k−1
≤ k

(
4

5

)d

(10e)k−1 <
k

100
.

This shows that E(|X|+|Y |) < 21n/100, and adding q vertices to k-dominate

the small-degree vertices shows there is a k-dominating set with at most the

desired size.

We can, of course, apply the lemma above with q equal to the number

of vertices of degree less than 40k. It will be advantageous during the proof

of Lemmas 3.3.5 and 3.3.16, though, to exploit the additional generality we

have afforded ourselves.

Lemma 3.3.5 Let G be a graph of order n ≥ 6400 with γ2(G) ≤ 7 and

γ2(G)γ2(G) > 2n. Then γ2(G) ≤ 4.

Proof. Let M = {v : dG(v) < 80}. The hypotheses imply that γ2(G) >

2n/7, so by Lemma 3.3.4 with q = |M |, we have |M | > n/20. Among pairs

of vertices of M , let v1 and v2 minimize |NG(v1) ∩NG(v2)|.
If U = NG(v1) ∪ NG(v2) 2-dominates all but 160 vertices of M , then by

Lemma 3.3.4

γ2(G) ≤ 21n/100 + |U |+ 160 ≤ 2n/7,

57



a contradiction. Hence at least 161 vertices of M have at most one neighbor

in U , and so two of them, say v3 and v4, are nonadjacent to all of U − x for

some x ∈ U . Since |NG(v1) ∩NG(v3)| ≤ 1, we see by minimality that v1 and

v2 have at most one common neighbor.

Now, in G, v1 and v3 2-dominate V (G) − NG(v1) − NG(v3) and vi and

v4 2-dominate NG(v4−i) − x for i = 1, 3. This shows that {v1, v3, v4, x} is a

2-dominating set of size 4 in G, which completes the proof.

Our fourth lemma is an easy corollary of the following theorem of Erdős,

Faudree, Gyárfás, and Schelp.

Theorem 3.3.6 ([23]) For any graph G on n vertices, either γ(G) or γ(G)

is at most dlog ne.

Lemma 3.3.7 For any graph G on n vertices and any integer k ≥ 1, either

γk(G) or γk(G) is at most (2k − 1)dlog ne.

Proof. Inductively define Xi to be a dominating set of G − ⋃i−1
j=1 Xj or

G − ⋃i−1
j=1 Xj of size at most dlog ne, which exists by Theorem 3.3.6. Let

X =
⋃2k−1

j=1 Xj.

By the Pigeonhole Principle, at least k Xi’s dominate G − X or at

least k Xi’s dominate G − X, so either γk(G) or γk(G) is at most |X| ≤
(2k − 1)dlog ne.

The final lemma of this section comes essentially from [14], where it was

proven for m = 0. The proof is practically the same; we omit it.

Lemma 3.3.8 ([14]) Let w and k be positive integers. If G is a graph of

order n with at most m vertices of degree less than (w + 1)k/w − 1, then

γk(G) ≤ wn/(w + 1) + m.
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3.3.3 Some Computations

In this section we collect two propositions whose proofs involve simple com-

putation. Doing this work here will facilitate the proof of Lemma 3.3.16.

Proposition 3.3.9 Let r and k be positive integers satisfying r ≥ k. Let

w = br/(r − k + 1)c. Then b(w + 1)k/w − 1c < r.

Proof. By definition b(w + 1)k/w − 1c = k − 1 + bk/wc, so we are done as

long as bk/wc < r−k+1. This is true if k/w < r−k+1, which is equivalent

to
k

r − k + 1
<

⌊
r

r − k + 1

⌋
= 1 +

⌊
k + 1

r − k + 1

⌋
.

This holds because bxc > x− 1 for all real x.

Proposition 3.3.10 Let r and k be positive integers satisfying

2k − 1 ≥ r ≥ k ≥ 2.

Let w = br/(r − k + 1)c and m = (k + r)w/(w + 1). Then m ≤ 2k − 4/3.

Proof. First we consider the cases when w ≤ 3. If w = 1, then r = 2k−1, so

m = (3k− 1)/2 < 2k− 4/3. If w = 2, then r ≤ 2k− 2 so m ≤ 2(3k− 2)/3 =

2k− 4/3. If w = 3, then r ≤ 3(k− 1)/2, so m ≤ 15k/8− 9/8 < 2k− 4/3. In

all three cases, the desired bound holds.

Now consider w ≥ 4, so that r ≤ 4(k − 1)/3. Then we have

m = (k + r)

(
1− 1

w + 1

)
= (k + r)

(
1− 1

b(2r − k + 1)/(r − k + 1)c
)

≤ (k + r)
r

2r − k + 1
,

where the inequality comes from ignoring the floor signs in the denominator.

The derivative (with respect to r) of the right hand side above is negative
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when r ≤ 4(k − 1)/3, so m is maximized when r is as small as possible,

namely r = k. At r = k we have w = k and m = 2k2/(k + 1) ≤ 2k − 4/3,

which proves the proposition.

3.3.4 ∆-systems

A ∆-system is a set system A = {A1, . . . , A`} such that there is a set K with

Ai∩Aj = K whenever i 6= j. K is called the kernel of A. An (r, `)-∆-system

is one which additionally satisfies |A| = ` and |A| = r for all A ∈ A. For a

survey of results on ∆-systems, see [34].

The most famous question on (r, `)-∆-systems is how large an r-uniform

set system must be in order to contain one. Erdős and Rado gave an upper

bound, which we stated as Theorem 2.3.4.

Recall from Section 1.2 the definition of neighborhood hypergraph of G,

NG, whose vertex set is V (G) and whose hyperedges are the sets NG(v)

appearing with multiplicity. We shall apply Theorem 2.3.4 to find (r, `)-∆-

systems in NG. To this end, we make the following observation.

Proposition 3.3.11 Let r, k, and q be positive integers and let G be a

graph with at least 2(kq)q vertices of degree at most q. Then NG contains an

(r, k + 1)-∆-system for some r ≤ q.

Proof. By our assumptions, the hypergraph N≤q
G with edge set {NG(v) :

dG(v) ≤ q} (edges appearing with multiplicities) satisfies

|N≤q
G | ≥ 2(kq)q >

q∑
r=0

krr!,

so by the pigeonhole principle and Theorem 2.3.4, NG must contain an

(r, k + 1)-∆-system for some r ≤ q.

The presence of certain ∆-systems in NG forces γk(G) to be small.
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Proposition 3.3.12 Suppose G is a graph and NG contains an (r, k + 1)-

∆-system with kernel K. If |K| = r, then γk(G) ≤ |K|+ k. If |K| < r, then

γk(G) ≤ |K|+ k + 1.

Proof. Let A = {NG(v1), . . . , NG(vk+1)} be an (r, k + 1)-∆-system in NG,

and let K be the kernel of A. First observe that {v1, . . . , vk+1} k-dominates

V (G) − K in G. In light of this fact, the set K ∪ {v1, . . . , vk+1} is a k-

dominating set of G with size |K| + k + 1. If |K| = r, then {v1, . . . , vk}
k-dominates V (G)−K, so K ∪ {v1, . . . , vk} is a k-dominating set of G with

size |K|+ k.

3.3.5 Upper Bounds

In this section we prove upper bounds on γk(G) + γk(G) and γk(G)γk(G).

We begin by proving two theorems that apply for all values of n(G). After

that, we prove two more lemmas before establishing Theorem 3.3.17, the

culmination of Sections 3.3.2 through 3.3.5.

Theorem 3.3.13 For any graph G on n vertices, γk(G)+γk(G) ≤ n+2k−1.

Proof. Let X ⊆ V (G) have size 2k−1. By the pigeonhole principle, Nk
G(X)

and Nk
G
(X) are disjoint and have union V (G) − X. Therefore, Nk

G
[X] k-

dominates G and Nk
G[X] k-dominates G, so

γk(G) + γk(G) ≤ |Nk
G[X]|+ |Nk

G
[X]| = n + |X| = n + 2k − 1.

Theorem 3.3.13 is sharp, at least for small n. For example, when k is odd,

let G be a (k − 1)-regular graph on 2k − 1 vertices. Then γk(G) + γk(G) =

2n = n + 2k − 1.
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Theorem 3.3.14 Let k ≥ 2 be an integer and G be a graph of order n. Then

γk(G)γk(G) ≤ 8kn.

Proof. Note first that if γk(G) ≤ 8k we are done, so assume otherwise. Par-

tition V (G) into m = d3n/2γk(G)e sets V1, . . . , Vm of size at most 2γk(G)/3.

Note that m ≤ 2n/γk(G).

No Vi k-dominates at least n− 2k + 3 vertices in G, since otherwise

γk(G) ≤ |Vi|+ 2k − 3 < 3γk(G)/4 + γk(G)/4 = γk(G).

Therefore, for each i ∈ {1, . . . , m}, there is a set Di of cardinality at least

2k − 2 such that |EG(Vi, {v})| ≤ k − 1 for every v ∈ Di. Let Ui be the

subset of Vi consisting of vertices not k-dominated in G by Di. Then |Ui| ≤
|EG(Vi, Di)|/(k − 1) ≤ |Di|.

Now Di ∪ Ui k-dominates Vi in G, so

γk(G) ≤
∣∣∣∣∣

m⋃
i=1

(Di ∪ Ui)

∣∣∣∣∣ ≤ (4k − 4)m ≤ 4k · 2n

γk(G)
.

Therefore γk(G)γk(G) ≤ 8kn.

It is likely that the constant 8 in Theorem 3.3.14 can be improved, al-

though it is unclear how much. The complete bipartite graph Kk−1,n−k+1

satisfies γk(G) = n − k + 1 and γk(G) = 2k − 1 if n ≥ 2k − 1. This tells

us the constant 8 should be at least about 2. As it turns out, Kk−1,n−k+1 is

nearly optimal, but not quite as good as the following construction.

Construction. Let mG denote the disjoint union of m copies of G. Define

the graph Gn,k = Kk−2 ∨ n−k+2
2

K2.

We claim γk(Gn,k)γk(Gn,k) = (2k − 1)(n − k + 2) if k is odd. Since Gn,k

has only k−2 vertices of degree at least k, γk(Gn,k) ≥ n−k+2, and equality

clearly holds. In G, the k− 2 vertices of the copy of Kk−2 in G must be in a

62



k-dominating set since they have degree less than k. We need to include at

least k + 1 vertices from the copy of n−k+2
2

K2, since any k of them fail to k-

dominate at least one vertex (that one vertex being one appearing in a copy

of K2 in G with one of the k chosen vertices). Therefore γk(G) ≥ (2k − 1),

and it is easy to see equality holds here as well. This establishes the claim. ¤

We separate the bulk of the argument for Theorem 3.3.17 into the next

two lemmas. Our first is a generalization of Theorem 3.2.2 to k > 1.

Lemma 3.3.15 Let G be a graph of order n ≥ 106k2, and suppose that any

(2k− 1)-subset X of V (G) satisfies that Nk
G(X) k-dominates all but at most

2k − 2 vertices of V (G)−Nk
G[X]. Then γk(G)γk(G) ≤ kn.

Proof. Let X be the set of 2k − 1 vertices of G with smallest degree sum.

Let d = |Nk
G(X)| and R = V (G)−Nk

G[X] = Nk
G
(X).

Fix a partition {A1, . . . , Aq, A
∗} of Nk

G(X) such that Ai is a minimal set

that k-dominates all but at most 2k − 2 vertices of R for 1 ≤ i ≤ q and at

least 2k−1 vertices of R are not k-dominated by A∗. Note that since Nk
G(X)

k-dominates all but at most 2k − 2 vertices of R by hypothesis, q ≥ 1.

Now, the union of X, the smallest Ai, and the vertices of R not k-

dominated by that smallest Ai are a k-dominating set of G, so

γk(G) ≤ |X|+ min
1≤i≤q

|Ai|+ (2k − 2) ≤ 4k − 3 +
d

q
.

In G, X k-dominates R. Also, for any given Ai and any vi ∈ Ai, we

know by minimality of Ai that there is a subset Si of R consisting of 2k − 2

vertices which send at most k− 1 nonedges in G into Ai− vi. If Ti is the set

of vertices of Ai − vi which are not k-dominated in G by Si, then

|Ti| ≤ |EG(Si, Ai)|
k − 1

≤ |Si|(k − 1)

k − 1
= |Si| ≤ 2k − 2.

Note that Si ∪ Ti ∪ {vi} is a k-dominating set of Ai in G with size at most

4k − 3. Finally, as with the Ai’s, there are sets S∗ ⊆ R and T ∗ ⊆ A∗, each
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of size at most 2k − 2, such that S∗ ∪ T ∗ k-dominate A∗ in G. Therefore

γk(G) ≤ |X|+
q∑

i=1

(|Si ∪ Ti|+ 1) + |S∗ ∪ T ∗| ≤ (4k − 3)q + 6k − 5.

Putting together the bounds of the last two paragraphs, we have

γk(G)γk(G) ≤ 4kd + 16k2q +
6kd

q
+ 24k2 ≤ 20kd + 30k2

since q ≤ d/k and k ≤ d. Then γk(G)γk(G) ≤ kn unless d ≥ n/30.

If d ≥ n/30, the sum of the degrees of vertices in X is at least kd, so

at most 2k − 2 vertices of X have degree at most kd/(2k − 1) ≥ n/60 in

G. But since the argument above holds for all (2k − 1)-sets X, at most

2k−2 vertices of G can have degree at most kd/(2k−1). By Theorem 3.3.3,

since kd/(2k− 1) ≥ n/60, γk(G) ≤ 60k log n. Since the arguments above are

symmetric in G and G, the same bound holds for γk(G). But then

γk(G)γk(G) ≤ (60k log n)2 ≤ kn,

so we are done.

Lemma 3.3.16 Suppose k ≥ 2 is an integer and G is a graph of order

n ≥ 72(40k)80k. If γk(G) ≤ 6k − 5, then

γk(G)γk(G) ≤ (2k − 1)(n− k + 2). (3.5)

Proof. Suppose that γk(G)γk(G) ≥ (2k − 1)(n− k + 2). By assumption on

γk(G), we have γk(G) ≥ (n− k + 1)/3.

Let M = {v : dG(v) < 40k}. By Lemma 3.3.4 with q = |M |, we have

|M | ≥ n/20. Then, by Proposition 3.3.11 the set system NG contains an

(r, k + 1)-∆-system D = {N(vi) : 1 ≤ i ≤ k + 1} for some r < 40k. Let

K be the kernel of D. As in the proof of Proposition 3.3.12, the vertices

v1, . . . , vk+1 k-dominate V (G) − K in G. If K k-dominates all but n/10k
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vertices in G, then γk(G) ≤ n/10k + 40k ≤ n/6k, so γk(G)γk(G) < n, a

contradiction. Therefore, at least n/10k > 240k(k − 1) vertices have at most

k − 1 neighbors in G in the set K, so there are B ⊆ K and A ⊆ V (G)−K

with |B| < k and |A| = k such that NG(v) ∩ K = B for all v ∈ A. Then

A, B, and the vi’s are a k-dominating set of G with size at most 3k, so we

conclude γk(G) ≤ 3k.

If k = 2, first apply Lemma 3.3.5 to see γ2(G) ≤ 4. Then if γ2(G)γ2(G) >

3(n−1), we know by Lemma 3.3.8 with w = 2 that G has at least (n−9)/12 ≥
8 vertices of degree at most 1, so NG contains an (r, 3)-∆-system A with r

either 0 or 1. By Proposition 3.3.12, γ2(G) ≤ 3. If γ2(G) ≤ n − 1 we are

done. If γ2(G) = n, then G has two isolated vertices or an isolated edge, so

γ2(G) = 2. In either case, the bound holds.

Now suppose that k ≥ 3. If Inequality (3.5) does not hold, then

γk(G) >
(2k − 1)(n− k + 2)

3k
≥ 19n

36
≥ n

2
+ 2(2k)4k−2.

Then, by Lemma 3.3.8 with w = 1, G has at least 2(2k)4k−2 vertices of

degree less than 2k−1. By Proposition 3.3.11, the set system NG contains an

(r, k+1)-∆-system with r < 2k−1; let A be such a ∆-system with minimum

r. Then γk(G) ≤ r+k by Lemma 3.3.12. If γk(G) > wn/(w+1)+n/10k with

w = br/(r− k + 1)c, then by Lemma 3.3.8 G has at least n/10k > 2(2k)4k−2

vertices of degree less than r′ = (w + 1)k/w− 1. From Lemma 3.3.9 we have

r′ < r, so NG contains a (q, k+1)-∆-system with q ≤ r′ < r, a contradiction.

Therefore,

γk(G)γk(G) ≤
(

wn

w + 1
+

n

10k

)
(k + r).

If r ≥ k, we can apply Proposition 3.3.10 to see the right hand side is at

most

n(2k − 4/3) + 3kn/10k < (2k − 1)(n− k + 1).

We are left only with the case that r < k. Let K be the kernel of A. Each

vertex of K has degree at least k+1 in G, so V (G)−K is a k-dominating set
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of G, which tells us γk(G) ≤ n− |K|. If |K| = r, Proposition 3.3.12 tells us

γk(G) ≤ |K|+k, so γk(G)γk(G) ≤ (k+ |K|)(n−|K|) ≤ (2k−1)(n−k+1). If

|K| < r, then Proposition 3.3.12 tells us γk(G) ≤ k+1+ |K|. Since |K| must

be at most k− 2, γk(G)γk(G) ≤ (k + 1 + |K|)(n− |K|) ≤ (2k− 1)(n− k + 2)

and the desired bound holds.

Theorem 3.3.17 Let k ≥ 2 be an integer. Let G be a graph with order

n ≥ 72(40k)80k. Then

γk(G)γk(G) ≤ (2k − 1)(n− k + 2).

Proof. If every (2k − 1)-set X ⊆ V (G) satisfies that Nk
G(X) k-dominates

all but at most 2k − 2 vertices of V (G) − Nk
G[X], then we are done by

Lemma 3.3.15 (noting that n is at least 106k2).

Otherwise, let X be an exceptional (2k−1)-set, and let Y be the vertices

of V (G) − Nk
G[X] not k-dominated in G by Nk

G(X). Let W be the set of

vertices of V (G)−X not k-dominated by Y in G. Then

(|W | − k + 1)|Y | ≤ |Y ||W | − |EG(Y, W )| = |EG(Y, W )| ≤ (k − 1)|W |,

so |W | ≤ |Y |(k − 1)/(|Y | − k + 1) ≤ 2k − 2. Since W ∪ X ∪ Y is a k-

dominating set in G, we have γk(G) ≤ |W |+ |X|+ |Y | ≤ 6k− 5. Now apply

Lemma 3.3.16; this gives the Theorem.

3.3.6 Nearly Regular Graphs

It may seem that to maximize γk(G)γk(G), we would want to make all the

degrees of G small so that γk(G) would be large. Perhaps surprisingly, this

is not the case. Indeed, if γk(G)γk(G) is to be large, the maximum degree

must be large compared to the minimum degree in either G or G; this is the

content of Theorem 3.3.18.
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Theorem 3.3.18 Let k ≥ 2 be an integer. Let G be a graph of order n ≥
1020k10(log k)10 such that

∆(H)δ(H) ≤ δ(H)2n1/5

for H ∈ {G,G}. Then

γk(G)γk(G) ≤ (k + 1)n.

Furthermore, if G and G have minimum degree at least k, then

γk(G)γk(G) ≤ kn.

Both bounds above are sharp. If G is a (k−1)-regular Kk-free graph with

at least k3 vertices, then we have γk(G) = n and γk(G) ≥ k + 1 (if γk(G)

were k, the vertices of a minimum k-dominating set in G would form a Kk

in G), so G witnesses the sharpness of the first bound. If we insist G and G

have minimum degree at least k, we take G to be a disjoint union of (at least

two) Kk+1’s. Then any minimum k-dominating set of G contains exactly k

vertices from each component, so γk(G) = kn(G)/(k + 1). It is easy to see

γk(G) = k + 1, so G demonstrates the sharpness of the second bound.

Proof. By Corollary 3.3.7, without loss of generality, γk(G) ≤ (2k−1)dlog ne.
Let M denote the set of vertices v with dG(v) ≤ n1/5. Suppose |M | ≤ n4/5.

Since n1/5 ≥ 7k log k, by Lemma 3.3.3,

γk(G) ≤
(

k log n

5n1/5
+

k(2e log n)k−1

5k−1nk/5

)
n + n4/5.

Since n is large, we have 2e log n ≤ n1/5, so

γk(G) ≤ n4/5(k log n/5 + k/4 + 1) ≤ n4/5 log n.

But then

γk(G)γk(G) ≤ n4/5(k log n)2 ≤ n.
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We may therefore assume |M | ≥ n4/5. Since there are at most ∆(G)δ(G) ≤
δ(G)2n1/5 ≤ n3/5 vertices of M within distance 2 in G from any vertex of

M , we can find a set of n1/5 ≥ k + 1 vertices pairwise at distance at least 3

in G. But k + 1 of these vertices together form a k-dominating set in G, so

γk(G) ≤ k + 1. This immediately implies the first bound. If G has minimum

degree at least k, then γk(G) ≤ kn/(k + 1) by Theorem 3.3.1, which gives us

the second.

3.4 Applications of the Method

In this section we show how to apply the methods of Sections 3.2 and 3.3

to obtain Nordhaus-Gaddum bounds for parameters similar to domination

number. More precisely, we establish such bounds for parameters P for which

there are constants c1 and c2 such that

c1 · γ(G) ≤ P (G) ≤ c2 · γ(G)

for all graphs G.

We demonstrate the method first in Subsection 3.4.1 on three parameters,

namely Roman domination, connected domination, and total domination.

These all behave similarly to domination number, so they allow an argument

very similar to that in Section 3.2. The connected domination number of

a connected graph G, written γc(G), is the minimum size of a dominating

set of G inducing a connected subgraph. The total domination number of a

graph G with no isolated vertices, written γt(G), is the minimum size of a

dominating set of G inducing a subgraph with no isolated vertices.

In Subsection 3.4.2, we use results of Section 3.3 with k = 2 to prove a

conjecture (Conjecture 3.4.5) of Alon, Balogh, Bollobás, and Szabó [1] on

game domination.
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3.4.1 Domination-Like Parameters

In this subsection we establish Nordhaus-Gaddum bounds on parameters

bounded between constant multiples of γ(G).

The proofs all rely on the following principle:

Principle: If a parameter P is bounded by constant multiples of γ(G), then

P (G)P (G) is maximized when G or G has diameter at least 3.

Theorem 3.4.1 Let G be a graph of order n ≥ 10777. Then

γR(G)γR(G) ≤ 16n

5
.

Proof. We know that for all graphs G, γR(G) ≤ 2γ(G). If G and G have

diameter at most 2 then

γR(G)γR(G) ≤ 4γ(G)γ(G) ≤ 16(n ln(n))2/3

by Theorem 3.2.2. The quantity on the right is at most 16n/5 since n ≥
10777.

We may therefore assume, by symmetry, that G has diameter at least 3. If

G has an isolated vertex or an isolated edge, γR(G) ≤ 3 so γR(G)γR(G) ≤ 3n

and we are done. Otherwise, by a theorem of Chambers, Kinnersley, Prince,

and West [16], we have γR(G) ≤ 4n/5. If u and v are at distance at least 3 in

G, then the RDF (V (G)−{u, v}, ∅, {u, v}) of G has weight 4, so γR(G) ≤ 4.

But then γR(G)γR(G) ≤ 16n/5, and we are done.

To see that this bound is sharp, consider Gk = kC5. Gk has Roman

domination number 4k, and its complement has Roman domination number

4, so

γR(Gk)γR(Gk) = 16k =
16

5
n(Gk).

For connected domination, note if G is a connected graph, then γc(G) ≤
3γ(G) − 2 (if S is a dominating set of G and v ∈ S, then the distance from

v to S − v is at most 3).
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Theorem 3.4.2 Let G be a graph of order n ≥ 1133437 such that G and G

are connected. Then

γc(G)γc(G) ≤ 2n− 4.

Proof. Suppose first that G and G have diameter at most 2. Then by

Lemma 3.2.2,

γc(G)γc(G) ≤ (3γ(G)− 2)(3γ(G)− 2) ≤ 9γ(G)γ(G)

≤ 36(n ln(n))2/3 ≤ 2n− 4.

We therefore assume that, by symmetry, G has diameter at least 3. If u

and v are at distance at least 3 in G, then {u, v} is a connected dominating

set of G, so γc(G) ≤ 2. Also, γc(G) ≤ n− 2 (the set of vertices of degree at

least 2 in any spanning tree of G is a connected dominating set). Putting

this together, γc(G)γc(G) ≤ 2n− 4.

This result is sharp by considering G = Pn, the path on n vertices.

We now consider total domination. Notice that for all graphs G with no

isolated vertices, γt(G) ≤ 2γ(G) because we can simply add a neighbor of

every vertex in a minimum dominating set to get a total dominating set.

Theorem 3.4.3 Let G be a graph of order n ≥ 62423 such that G and G

have no isolated vertices. Then

γt(G)γt(G) ≤ 2n.

Proof. Suppose first that G and G have diameter at most 2. Then by

Lemma 3.2.2

γt(G)γt(G) ≤ 4γ(G)γ(G) ≤ 16(n ln(n))2/3 ≤ 2n.

We therefore assume that, by symmetry, G has diameter at least 3. If u

and v are at distance at least 3 in G, then {u, v} is a total dominating set of
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G, so γt(G) = 2. Then trivially γt(G)γt(G) ≤ 2n, so we are done.

The graph (n/2)K2 shows that Theorem 3.4.3 is sharp.

Theorems 3.4.1, 3.4.2, and 3.4.3 immediately imply the following known

bounds for sums (although only for large values of n):

γR(G) + γR(G) ≤ 3n [16]

γc(G) + γc(G) ≤ n + 1 [29]

γt(G) + γt(G) ≤ n + 2 [19].

The three bounds above are all sharp.

3.4.2 Game Domination

Given a digraph D, define the domination number of G to be the minimum

size of a set U ⊆ V (D) such that for every vertex v ∈ V (D)− U , there is a

u ∈ U such that uv ∈ E(D).

The game domination number of a graph G is defined in terms of the fol-

lowing procedure. Two players, D (dominator) and A (avoider or adversary),

alternatingly orient edges of a graph G, starting with D. The goal of D is

to make the domination number of the resulting directed graph as small as

possible, whereas A tries to make it large. We define γg(G), the game dom-

ination number of G, to be the domination number of the resulting digraph

if both D and A play their optimal strategy.

Game domination was introduced by Alon, Balogh, Bollobás, and Szabó

in [1]. They computed γg for several classes of graphs and a number of ex-

tremal problems were solved. For example, the following Nordhaus-Gaddum

bound was proven.

Theorem 3.4.4 ([1]) For any graph G on n vertices, γg(G)+γg(G) ≤ n+2.
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Theorem 3.4.4 is sharp if G = Kn. The authors of [1] conjectured this

could be improved.

Conjecture 3.4.5 ([1]) If G and G are connected graphs with order n, then

γg(G) + γg(G) ≤ 2n/3 + 3.

In the remainder of this section, we prove Conjecture 3.4.5 if n is large.

We first recall some useful results.

Theorem 3.4.6 ([1]) If G is a connected graph on n ≥ 2 vertices, then

γg(G) ≤ 2n/3. Furthermore, if G has no isolated vertices, then also γg(G) ≤
2n/3. If G is a graph with minimum degree at least 2, then γg(G) ≤ n/2.

Suppose D and A are playing their domination game on a graph G, and

let X be a 2-dominating set of G. As soon as A orients an edge from v ∈
V (G)−X into X, D, on his next turn, can orient an edge from X into v. In

this way, X dominates the oriented digraph D and A create. Therefore, as

noted in [1], γg(G) ≤ γ2(G) for all graphs G.

We can sometimes do better than this, though. Define a nearly-2-dominating

set of G to be a set X ⊆ V (G) such that X dominates G and 2-dominates

all but at most one vertex of G. Let γ∗2(G) be the size of the smallest nearly-

2-dominating set of G. Then, if X is a nearly-2-dominating set in G and v is

the vertex not 2-dominated by X (if it exists), then D can orient an edge from

X to v on his first turn, and then orient edges from X to the other vertices

of V (G)−X in response to A. This observation gives our next Proposition.

Proposition 3.4.7 For all graphs G, γg(G) ≤ γ∗2(G) ≤ γ2(G).

This Proposition is the bridge from our earlier results to game domination.

Theorem 3.4.8 For any n-vertex graph G with n ≥ 4 · 106,

γg(G)γg(G) ≤ 2n + 12.
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Proof. By Theorem 3.3.15 and Proposition 3.4.7, we are done unless (with-

out loss of generality) there is some 3-set X such that N2
G(X) does not

2-dominate two vertices v1 and v2. Let yi be the neighbor in G of vi in the

set N2
G(X) for i = 1, 2, if it exists. Then X ∪{v1, v2, y1, y2} is a 2-dominating

set of G, so γ2(G) ≤ 7.

By Lemma 3.3.5 and Proposition 3.4.7, we may assume that γ2(G) ≤ 4.

Suppose G has three vertices of degree at most 1, and let v1, v2, and

v3 be the vertices of smallest degree in G. Let xi be the neighbor of vi

(if it exists) for i ∈ {1, 2, 3}. Then {v1, v2, v3} is a 2-dominating set of G

unless, without loss of generality, y1 = y2. In that case, {v1, v2, y1} is a 2-

dominating set of G. In either case, γg(G) ≤ 3. By Theorem 3.4.6, if G

has no isolated vertex, γg(G) ≤ 2n/3, implying γg(G)γg(G) ≤ 2n. Suppose,

then, that v1 is isolated. Then {v1, v2} is a nearly-2-dominating set of G, so

γg(G)γg(G) ≤ 2γg(G) ≤ 2n.

Therefore, we may assume that G, and by symmetry G, has at most two

vertices of degree at most 1. It follows from Theorem 3.4.6 that γg(G) and

γg(G) are each at most n/2+3 (add at most 3 edges to G which are incident

to at most 4 vertices to increase the minimum degree to 2, then consider

deleting those edges). From the second paragraph, one of these should also

be at most 4. Therefore γg(G)γg(G) ≤ 2n + 12, so we are done.

Theorem 3.4.9 Let G be a graph with n ≥ 4 · 106 vertices such that G and

G are connected. Then γg(G) + γg(G) ≤ 2n/3 + 3. That is, Conjecture 3.4.5

holds for graphs of order at least 4 · 106.

Proof. Maximize x + y (x = γg(G), y = γg(G)) subject to x, y ≤ 2n/3 (by

Theorem 3.4.6) and xy ≤ 2n + 12 (by Theorem 3.4.8).

Notice Theorem 3.4.8 can also be used to prove Theorem 3.4.4.
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3.5 Thresholds for Roman Domination

The Roman domination number of a graph G, γR(G), is a variant of domina-

tion number introduced in [20] and studied further in [21, 16, 30]. A Roman

dominating function (RDF) of G is a function f : V (G) → {0, 1, 2} such that

every vertex in f−1(0) has a neighbor in f−1(2). The weight of f , w(f), is∑
v∈V (G) f(v). By definition, γR(G) is the minimum weight of an RDF of G.

For an RDF f and i ∈ {0, 1, 2}, we will write Vi(f) for f−1(i). We suppress

the dependence on f when the context is clear.

In some ways, the quantity γR(G)/γ(G) can be considered a measure of

the efficiency of domination in G. When γR(G)/γ(G) is close to 1, most

vertices (namely, those in V1) in the near-optimal dominating set V1 ∪ V2 are

only needed to dominate themselves, which seems inefficient. On the other

hand, when γR(G)/γ(G) is close to 2, most of the vertices (those given weight

2) in a minimum dominating set of G are needed to dominate other vertices

as well, which is much more economical.

The goal of this section is to determine when these ratios are achieved

(asymptotically) for a random graph in Gn,p.

Although domination and random graphs have each been studied ex-

tensively, domination in random graphs has received very little attention.

Wieland and Godbole [49] essentially determined the domination number for

Gn,p when p is not too small, demonstrating a two-point concentration. For

small p, though, little is known. While we do not have quantitative informa-

tion, Theorem 3.5.1 does give a sort of qualitative description of domination

in Gn,p when p is very close to 0.

Throughout the section, Gn,p denotes the probability space of all graphs

on n labelled vertices, where each of the
(

n
2

)
edges appears randomly and

independently with probability p = p(n). We use P and E to denote proba-

bility and expectation. Furthermore, for A ⊂ Gn,p, EA(X) is the expectation

of X over the set A. If P(E) → 1 as n → ∞, we say the event E happens
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with high probability (alternatively “almost always” or “for almost every

G”), abbreviated w.h.p. For two functions f(n) and g(n), we say f ∼ g if

f/g tends to 1 as n tends to ∞. We use o(g) to denote a function f such

that f/g → 0 as n →∞. As conventions, q = 1− p and w = pn.

Corollary 3.5.5 will tell us that γR(G) ≥ 2γ(G)−1 if G has diameter 2. It

is known ([11], Corollary 10.11) that if p2n−2 log n →∞, then almost every

G ∈ Gn,p has diameter 2. Therefore the probability threshold for the event

γR(G) = (2 − o(1))γ(G) should be no larger than
√

2 log n/n; the actual

threshold is in fact much lower.

As it turns out, the number of isolated vertices guides the ratio γR/γ:

when there are many isolates (n − o(n)), the ratio is nearly 1, and when

there are few isolates (o(n)), the ratio is close to 2. This constitutes our

main result.

Theorem 3.5.1 Let p : N → R be a function satisfying p ≤ 1/2. Let

w = pn. Then for almost every G ∈ Gn,p,

(1) if w → 0, then γR(G) = (1 + o(1))γ(G)

(2) if w →∞, then γR(G) = (2− o(1))γ(G)

(3) if w → c ∈ R, then there is a constant c′ ∈ (1, 2) such that γR(G) =

(c′ + o(1))γ(G).

The reason we insist p ≤ 1/2 in Theorem 3.5.1 is that p must be bounded

away from 1 to ensure that γ(G) is (almost always) unbounded, and 1/2 is

simply convenient. The Theorem would remain true if we stipulated that p ≤
b for any b < 1, or even p → 1 slowly. The only modification needed would be

in the bound on qαn in the second paragraph of the Proof of Theorem 3.5.1.

However, based on the discussion above about graphs of diameter 2, we are

justified in requiring p → 0; we will therefore assume this through the rest

of the section.

The Section is organized as follows: in Subsection 3.5.1, we develop lem-

mas we will need for the proof of Theorem 3.5.1, which follows in Subsec-

tion 3.5.2.
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3.5.1 Some Lemmas

In this subsection we prove several lemmas we will need in the next subsec-

tion. We begin with two on degrees in random graphs.

In the remainder of the section, let Xk(G) be the random variable count-

ing the vertices of degree k in G. A simple first moment/second moment

argument shows:

Lemma 3.5.2 If p → 0 and w = pn then, for almost every G ∈ Gn,p,

X0(G) ∼ E(X0) ∼ n

ew
.

The next lemma tells when very few vertices have degree significantly less

than the expected degree (≈ w).

Lemma 3.5.3 Suppose p → 0 and w → ∞. Then almost every G ∈ Gn,p

has at most (9/10)wn vertices of degree less than w/2.

Proof. Choose n large enough that p ≤ 1/100. Now, the number of vertices

of degree less than k is
∑k−1

i=0 Xi; call this quantity Yk. Then

E(Yw/2) = n

w/2−1∑
i=0

(
n

i

)
pi(1− p)n−1−i ≤ n

w/2−1∑
i=0

nipi

i!
ep(n−i−1)

n

w/2−1∑
i=0

wi ep(i+1)

i! ew
≤ (1 + o(1)) n

w

2

ww/2e101w/200

(w/2)w/2ew

<
(1 + o(1)) w (.863)w

2
n < .87w n

if n is large enough. The Markov bound says P(X ≥ m) ≤ E(X)/m, so the

probability that G has at least (9/10)w n vertices of degree less than w/2 is

at most (.87/.9)w → 0.

We now turn our attention to Roman domination. In particular, we try

to relate γR(G) to properties of the degrees of vertices of G. Our first lemma

deals with optimal RDFs; its corollaries will prove quite useful.
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Lemma 3.5.4 Let G be a graph. Then G has a minimum weight RDF such

that

1) V1 is an independent set,

2) each vertex in V0 has at most 1 neighbor in V1, and

3) EG[V1, V2] = ∅.

Proof. Let f be any minimum-weight RDF of G. If G[V1] contains edge uv,

move u to V2 and v to V0. If some vertex u ∈ V0 has neighbors v and w in

V1, move u to V2 and v and w to V0. If u ∈ V1, v ∈ V2, and uv ∈ E(G),

then move u to V0. None of these moves increase the weight of f . Since each

move decreases |V1|, only a finite sequence of moves is possible. When no

more such move is left, we have the claimed RDF.

Corollary 3.5.5 Let G be a graph of diameter 2. Then γR(G) ≥ 2γ(G)− 1.

Proof. Let f be a minimum weight RDF of G as claimed in Lemma 3.5.4.

Suppose |V1| ≥ 2, and let u, v ∈ V1 (u 6= v). Since G has diameter 2,

u and v have a common neighbor w. Now w 6∈ V1 by (1), w 6∈ V0 by

(2), and w 6∈ V2 by (3). Therefore, |V1| ≤ 1. Since |V1 ∪ V2| ≥ γ(G),

w(f) = |V1|+ 2|V2| ≥ 2γ(G)− 1.

Corollary 3.5.6 Let G be a graph with at most m vertices of degree less

than k ≥ 1. Then

γR(G) ≥ 2γ(G)− n

k + 1
−m.

Proof. Let f be a minimum weight RDF of G guaranteed by Lemma 3.5.4.

There are at least |V1| − m vertices of V1 with degree at least k, and since

their neighborhoods are disjoint and contained in V0, we see

k (|V1| −m) ≤ |V0| ≤ n− |V1|,
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and so |V1| ≤ n/(k+1)+m. Since |V1∪V2| ≥ γ(G) and γR(G) = 2|V2|+|V1| ≥
2γ(G)− |V1|, the result is immediate.

3.5.2 The Main Result

We are now ready to prove Theorem 3.5.1.

Proof of Theorem 3.5.1. Suppose w → 0. By Lemma 3.5.2, w.h.p., X0 ∼ n.

All vertices of X0 are in any dominating set, so almost always

(1− o(1))n = X0 ≤ γ(G) ≤ γR(G) ≤ n,

showing that γR(G) = (1 + o(1))γ(G). This establishes (1).

Now consider w →∞. Let α = ln ln w/w. Define Γr to be the number of

dominating sets of G ∈ Gn,p with cardinality r. Then

E(Γαn) =

(
n

αn

)
(1− qαn)n−αn

∼
(

(1− qαn)1−α

αα(1− α)1−α

)n
1 + o(1)√

2πα(1− α)n
.

Since
(√

2πα(1− α)n
)−1

= o(1), E(Γαn) → 0 if

(1− qαn)1−α < αα(1− α)1−α

when n is large. Since p < 1/2, we have q ≥ e−2p, and so

1− qαn ≤ 1− e−2pαn ≤ exp(−e−2pαn).

Hence we need only show

exp((1 + o(1))(−e−2pαn)) < αα(1− α)1−α.
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Taking reciprocals and logarithms and rewriting in terms of w, the LHS is

asymptotically (ln w)2, while the RHS is

ln ln w

w
ln

( w

ln ln w

)
+

w − ln ln w

w
ln

(
w

w − ln ln w

)
<

ln(w) ln ln(w)

w

when w is large enough. We conclude that E(Γαn) → 0, and that w.h.p.

γ(G) ≥ (ln ln w/w)n.

By Lemma 3.5.3, almost every G has at most (9/10)w n vertices of degree

less than w/2. Therefore we can apply Lemma 3.5.6 to see

γR(G) ≥ 2γ(G)− (2/w + (9/10)w) n.

From the last paragraph we know that for almost every G, (2/w+(9/10)w)n =

o(γ(G)), which establishes (2).

Finally, for (3), suppose w → c ∈ R and let A ⊂ Gn,p be the set of graphs

with a vertex of degree at least K = ln ln n. Then

P(A) ≤ n

(
n

K

)
pK ≤ nwK

K!
→ 0.

Let D0, . . . , Dn and RD0, . . . , RDn be the vertex-exposure martingales given

by

Di = EA (γ(G)|G[v1, . . . , vi]))

RDi = EA (γR(G)|G[v1 . . . , vi])) .

On A, |Di+1 −Di| ≤ K and |RDi+1 −RDi| ≤ 2K. Azuma’s Inequality says

P(|Xn −X0| ≥ λ
√

n) ≤ e−λ2/2,

so

PA
(
D0 −

√
n ln3 n ≤ γ(G) ≤ D0 +

√
n ln3 n

)
≥ 1− 1√

n

PA
(
RD0 − 2

√
n ln3 n ≤ γR(G) ≤ RD0 + 2

√
n ln3 n

)
≥ 1− 1√

n
.
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Since γ(G) and γR(G) are at least n/ ln ln n on A, we see that w.h.p. γ(G) ∼
D0 and γR(G) ∼ RD0. Let c′ = RD0/D0. To establish (3), it remains only

to show c′ ∈ (1, 2).

By Lemma 3.5.2, X0 ∼ n/ew, so

γR(G) ≤ 2γ(G)− n + o(n)

ew
≤

(
2− 1 + o(1)

ew

)
γ(G),

and c′ < 2. Let Z be the number of triples x, y, z ∈ V (G) such that x and z

are adjacent to y and no other edges contain x, y, or z. A simple calculation

shows E(Z) = (1 + o(1))nw2/2e3w and E(Z2) = (1 + o(1))E(Z), so by the

Chernoff Bound, Z ∼ nw2/2e3w. Any optimal weight RDF puts weight 2 on

the central vertex of each triple counted by Z, so |V2| ≥ Z, and

γR(G) ≥ γ(G) + Z ≥ γ(G) +
(1 + o(1))w2

2e3w
n ≥

(
1 +

(1 + o(1))w2

2e3w

)
γ(G),

so c′ > 1. This completes the proof. ¤

80



Chapter 4

Minimum Difference

Representations

4.1 Introduction

A representation of a graph G is an assignment of sets of a given type (inter-

vals, convex sets, subsets of N, etc.) to the vertices of G such that u, v ∈ V (G)

are adjacent if and only if S(u) and S(v) satisfy a given condition (are dis-

joint, intersect, etc.). Many different kinds of graph representations have

been studied extensively (see, for example, [9], [17], or [37]).

In [13], Boros, Gurvich, and Meshulam defined three new types of graph

representations. With each vertex v of G, a finite set S(v) is associated. In

the first model, u and v are adjacent if and only if

(|S(u)− S(v)|+ |S(v)− S(u)|) /2 ≥ k,

in the second, if and only if

max{|S(u)− S(v)|, |S(v)− S(u)|} ≥ k,

and in the third, if and only if

min{|S(u)− S(v)|, |S(v)− S(u)|} ≥ k.
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Let ρavg(G), ρmax(G), and ρmin(G) be the smallest k for which G has such

a representation in the first, second, and third model, respectively. In [13]

it was shown that each of these parameters exists and is at most n − 1,

where n is the order of the graph G. It was also shown that the first two

parameters could be large, namely, at least Ω (log n). Füredi [26] showed that,

for almost all n-vertex graphs, all three parameters are at most O(n/ log n)

and ρmax(G) = Ω(n/ log n). However, no non-trivial lower bounds on ρmin(G)

are known, and in [13] it was noted that no graphs were known for which

ρmin(G) > 2.

In this chapter, we will show that {ρmin(G)} is unbounded by demonstrat-

ing that, for any k ∈ N, almost every ‘large’ graph G satisfies ρmin(G) > k.

Theorem 4.1.1 Let k be a positive integer. Then G ∈ Gn,1/2 satisfies

ρmin(G) > k with high probability as n →∞.

Our method is as follows. First, we establish a Ramsey-type result on

traces of hypergraphs (Theorem 4.2.2) saying that a large enough family of

sets must contain one of four configurations. When we apply this to the

sets of an optimal k-minimum-difference-representation (k-MDR) of G, that

is, {S(v) : v ∈ V (G)}, we can immediately rule out three of these (see

Lemma 4.3.3). The remainder of the proof is dedicated to ruling out the

fourth.

Throughout the chapter, all logarithms will have base 2.

After proving Theorem 4.1.1, Balogh and Prince learned that Füredi [26]

actually showed the stronger result that for almost all graphs G ∈ Gn,1/2,

ρmin(G) = Ω(log n).

4.2 Traces

In this section we prove a Ramsey-type theorem on set systems. Define the

trace of a set system H on X to be the system HX = {E ∩X : E ∈ H}. We

82



say that HX is induced by X, and the trace sets are the sets E ∩X. We say

E is an ancestor in H of E ∩X ∈ E(HX). We also consider any subsystem

of HX to be a trace of H induced by X.

Define an (`, k)-star to be a set system {Ai : 1 ≤ i ≤ `} whose el-

ements are pairwise disjoint and all have cardinality k. An (`, k)-costar

is a set system {Ai : 1 ≤ i ≤ `} where, if A =
⋃

i Ai, then {A − Ai :

1 ≤ i ≤ `} is an (`, k)-star. We refer to an (`, 1)-star or (`, 1)-costar sim-

ply as an `-star or `-costar, respectively. An m-double-chain is a system

{{vi, . . . , vi+m−1} : 1 ≤ i ≤ m}.
Balogh and Bollobás [5] proved the following result on traces of set sys-

tems.

Theorem 4.2.1 Let ` and m be positive integers and let g(`,m) = (2m)`29`
.

Then any antichain H with |H| ≥ g(`,m) contains either an `-star, an `-

costar, or an m-double-chain as a trace.

A short proof of Theorem 4.2.1, along with other similar results, appeared

in [8]. Recently, this result has seen many applications, for example in [4],

[6], and [7].

Our new theorem includes a fourth kind of set system. Define an (r, p, q)-

system to be a set system

{K ∪ Fi ∪
⋃

j 6=i

Gj ∪
⋃
j≤i

Lj : 1 ≤ i ≤ r}

such that

(1) K is the kernel of the system,

(2) K and the 3r sets Fi, Gi, and Li for 1 ≤ i ≤ r are pairwise disjoint,

(3) |Fi| = p and |Gi| = q for all 1 ≤ i ≤ r.

Let g be the function of Theorem 4.2.1. Define h1(`,m, r) = g(`,m) and

hk(`,m, r) = g(r2 · hk−1(`,m, r),m) for k > 1.
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Figure 4.1: A general element of an (r, p, q)-system
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Theorem 4.2.2 Let `, k, m, and r be positive integers. Then every an-

tichain H with |H| ≥ h2k(`,m, r) contains an (`, k)-star, an (`, k)-costar, or

an m-double-chain as a trace or contains an (r, p, q)-system with p, q ≤ k

as a subsystem. Furthermore, we may insist that the (r, p, q)-system have

Li = ∅ for all i or L1 = ∅ and Li 6= ∅ for all i ≥ 2.

Throughout the proof, we use the term collection to mean a set whose

elements may occur with multiplicity greater than 1.

Proof. If H has an m-double-chain as a trace, we are done. Otherwise,

implement the following algorithm:

Step 1: Initialize p = q = 0, i = 1 and H1 = H.

Step 2: Let di = r2 · h2k−i(`,m, r). If Hi contains no di-star trace, move to

Step 3. Otherwise, let T i
1, . . . , T

i
di

be the trace sets of a di-star trace, incre-

ment p by 1, and call the set inducing the star Bp. Let Ai
j be an ancestor

in Hi of T i
j , and define Hi+1 to be the set system {Ai

j − Bp : 1 ≤ j ≤ di}.
Increment i by 1. If p = k, stop and output the ancestors in H of the T i

j ’s;

these sets contain an (`, k)-star trace. Otherwise repeat Step 2.

Step 3: If Hi contains no di-costar trace, move to Step 4. Otherwise, let

T i
1, . . . , T

i
di

be the trace sets of a di-costar trace, increment q by 1, and call

the set inducing the costar Cq. Let Ai
j be an ancestor in Hi of T i

j , and define

Hi+1 = {Ai
j − Cq : 1 ≤ j ≤ di}. Increment i by 1. If q = k, stop and output

the ancestors in H of the T i
j ’s; these sets contain an (`, k)-costar trace. Oth-

erwise return to Step 2.

Step 4: Find D1, D2, . . . , Dr among the sets T i
1, . . . , T

i
di

such that D1 =

D2 = . . . = Dr or D1 ⊂ D2 ⊂ . . . ⊂ Dr, and let D ⊂ H be the collection

of ancestors in H of the Di’s. Stop and output D; these sets contain an

(r, p, q)-system with p, q ≤ k.

85



We claim this algorithm outputs an (`, k)-star, an (`, k)-costar, or an

(r, p, q)-system with p, q ≤ k.

First, we show the algorithm is well-defined through 2k − 1 steps. Since

i ≤ 2k − 1, di is well-defined, and so Steps 2 and 3 are valid. Therefore,

the only thing that must be checked is that when we enter Step 4, we can

always find r sets all equal or ordered linearly by proper inclusion. Suppose

that we enter Step 4 on the ith turn. If any set appears with multiplicity r

among the T i
j ’s, then we can take D to be r distinct ancestors in H of this set.

Otherwise, there are at least di/r = r · h2k−i(`,m, r) distinct sets among the

T i
j ’s, so by Dilworth’s Theorem there is a chain of length r or an antichain of

size h2k−i(`,m, r) among the T i
j ’s. In the first case we are clearly done. In the

second, this antichain contains a di-star, a di-costar, or an m-double-chain as

a trace by Theorem 4.2.1. The first two cases are impossible since we did not

complete Steps 2 and 3, and the third is impossible by assumption. Hence

such D1, D2, . . . , Dr exist.

Second, the algorithm always terminates with i ≤ 2k − 1 since p + q

increases by 1 after every complete implementation of Step 2 or 3 and we

either stop when max(p, q) = k, or we stop after the first implementation of

Step 4.

Finally, we show the algorithm produces what we want. If the algorithm

terminates during the ith turn because p = k, then we found a star trace

T i
1, . . . , T

i
di

where di ≥ `. Note that the T i
j ∩ Bn’s are disjoint and have

cardinality 1 for all 1 ≤ j ≤ di and 1 ≤ n ≤ p = k. Letting Ai
j be an

ancestor in H of T i
j , we see Ai

1, . . . , A
i
` form an (`, k)-star induced by

(
p⋃

n=1

Bn

)
∩

(⋃̀
i=1

Ai
j

)
.

The case when the algorithm terminates because q = k is similar; we have
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an (`, k)-costar induced by

(
q⋃

n=1

Cn

)
∩

(⋃̀
i=1

Ai
j

)
.

Now, if the algorithm terminated after an implementation of Step 4, let

A1, . . . , Ar be distinct such that Ai is an ancestor in H of Di for 1 ≤ i ≤ r.

Then the sets Ai ∩Bn and Cs−Ai are pairwise disjoint and have cardinality

1 for all 1 ≤ i ≤ r, 1 ≤ n ≤ p, and 1 ≤ s ≤ q. Let Fi =
⋃p

n=1(Ai ∩ Bn),

Gi =
⋃q

s=1(Cs − Ai), L1 = ∅ and Li = Di − Di−1 for 2 ≤ i ≤ r, and let

K = D1 ∪ (
⋃q

n=1 Cn −
⋃r

i=1 Ai). Then we have, for all i, that

Ai = K ∪ Fi ∪
⋃

j 6=i

Gj ∪
⋃
j≤i

Lj,

and 0 ≤ |Fi| = p ≤ k and 0 ≤ |Gi| = q ≤ k, so the Ai’s form an (r, p, q)-

system with kernel K. Note that if the Di’s were all the same, then Li = ∅ for

all i, whereas if they were all different, L1 is empty and Li 6= ∅ for all i ≥ 2.

4.3 The Main Result

In this section, we prove our main result, namely, Theorem 4.1.1. Before we

begin, we must recall two basic facts about random graphs.

Fact 4.3.1 Almost every G ∈ Gn,1/2 has an independent set on log n vertices.

Fact 4.3.2 Let G ∈ Gn,1/2 and let S ⊆ V (G) with |S| = o(log n). If S is the

disjoint union of A and B, then with high probability there is a vertex v such

that v is adjacent to every vertex in A and to no vertex in B.

We begin with an easy observation.
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Lemma 4.3.3 Let H be a set system satisfying min{|Si−Sj|, |Sj −Si|} < k

for all Si, Sj ∈ H. Then H has no (2, k)-star, (2, k)-costar, or (k+1)-double-

chain as a trace.

Proof. Suppose X induces a (2, k)-star trace with trace sets T1 and T2. Let

Si be an ancestor in H of Ti. Then

|Si − S3−i| ≥ |(Si − S3−i) ∩X| = |Ti − T3−i| = k

for i = 1, 2, so min{|S1−S2|, |S2−S1|} ≥ k, a contradiction. The statement

for (2, k)-costars follows since a (2, k)-costar is a (2, k)-star.

Now suppose H contains a (k + 1)-double-chain trace induced by X

with trace set T1, . . . , Tk+1. By the definition of the double-chain, |Tk+1 −
T1| = |T1 − Tk+1| = k, so if Si is an ancestor in H of Ti, then as above

min{|S1 − Sk+1|, |Sk+1 − S1|} ≥ k, a contradiction. Hence H has no (k + 1)-

double-chain as a trace.

Proof of Theorem 4.1.1. Suppose, toward a contradiction, that G has a

k-MDR; call it S = {S(v) : v ∈ V (G)}. Note that S(u) = S(v) iff u =

v, since with high probability no two distinct vertices of G have the same

neighborhood (by Fact 4.3.2).

By Fact 4.3.1, with high probability, G contains an independent set I =

{v1, . . . , v|I|} with |I| = d
√

log(n)e. Let SI = {S(vi) : vi ∈ I}.
Suppose SI contains a chain of length 3. Without loss of generality

S(v1) ⊂ S(v2) ⊂ S(v3). By Fact 4.3.2 there is a vertex x such that xv1, xv3 ∈
E(G) and xv2 6∈ E(G). The fact that xv1 ∈ E(G) tells us |S(v1)−S(x)| ≥ k,

so |S(v2)−S(x)| ≥ k as well. Similarly, |S(x)−S(v2)| ≥ |S(x)−S(v3)| ≥ k.

But then xv2 ∈ E(G), a contradiction.

Therefore, by Dilworth’s Theorem, there is an antichain in SI of size

d√log n/2e. Without loss of generality, call this antichain

S∗ = {S(vi) : 1 ≤ i ≤ d
√

log n/2e}.

88



Note that, for all S1, S2 ∈ S∗, min{|S1 − S2|, |S2 − S1|} < k.

Take n large enough that
√

log n/2 ≥ h2k(2, k+1, r) with r = 20k4(2k+1).

By Theorem 4.2.2, S∗ contains a (2, k)-star, a (2, k)-costar, a (k +1)-double-

chain, or an (r, p, q)-system with p, q ≤ k, L1 empty, and the Li’s with

i ≥ 2 all empty or all nonempty. By Lemma 4.3.3, only the fourth case

is possible. Call the sets of this (r, p, q)-system S(v1), . . . , S(vr). Let Vt =

{v20k4t+1, . . . , v20k4(t+1)} for 0 ≤ t ≤ 2k. Let K, Fi, Gi, and Li be as in the

definition of (r, p, q)-system, so that, for 1 ≤ i ≤ r,

S(vi) = K ∪ Fi ∪
⋃

j 6=i

Gj ∪
⋃
j≤i

Lj.

With high probability, we can find a set of vertices X = {x1, . . . , x4k2} ⊆
V (G) (applying Fact 4.3.2 for each xi) such that xi is adjacent to vj if and

only if, for some 0 ≤ t ≤ 2k,

5k2(i− 1) + 1 + 20k4t ≤ j ≤ 5k2i + 20k4t

(from here on we only use the vj’s with j ≤ r) and X is an independent set

in G. Observe the following two properties:

(1) for each i and t, |NG(xi) ∩ Vt| = 5k2,

(2) for each i, j, and t with i 6= j, |NG(xi) ∩NG(xj) ∩ Vt| = 0.

We consider the two cases depending on whether all the Lj’s with j ≥ 2

are empty or nonempty.

Case 1: Lj = ∅ for all 1 ≤ j ≤ r. For the proof of this case, we work only

with vj’s in V0.

Fix some xi ∈ X. Define fi,j = |Fj∩S(xi)| and gi,j = |Gj−S(xi)|, and let

fi =
∑

j fi,j and gi =
∑

j gi,j. Let ei = |K−S(xi)| and ci = |S(xi)−
⋃

j S(vj)|.
Then, for any vj ∈ V0,

|S(vj)− S(xi)| = p− fi,j + ei + gi − gi,j (4.1)
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and

|S(xi)− S(vj)| = fi − fi,j + ci + q − gi,j. (4.2)

Consider a vj not adjacent to xi. By the definition of k-MDR, either

(i) |S(vj)− S(xi)| < k or

(ii) |S(xi)− S(vj)| < k.

We claim there are not both a vj1 satisfying (i) and a vj2 satisfying (ii).

Indeed, since (i) holds for vj1 , gi ≤ |S(vj1)−S(xi)|+gi,j < 2k, and, similarly,

since (ii) holds for vj2 , we have fi ≤ |S(xi)−S(vj2)|+ fi,j < 2k. Hence, for a

fixed i, fewer than 2k fi,j’s and fewer than 2k gi,j’s are nonzero (this includes

vj’s adjacent to xi). Then we can find vertices vj3 , vj4 with fi,j3 = gi,j3 =

fi,j4 = gi,j4 = 0 such that xi is adjacent to vj3 but not to vj4 (here we use

Property 1 from above). But then from Equations 4.1 and 4.2 we have

|S(vj4)− S(xi)| = |S(vj3)− S(xi)| ≥ k

|S(xi)− S(vj4)| = |S(xi)− S(vj3)| ≥ k,

contradicting that xvj4 6∈ E(G). Therefore, for each xi, either

Alternative 1: each vj not adjacent to xi satisfies (i) and not (ii), or

Alternative 2: each vj not adjacent to xi satisfies (ii) and not (i).

Now, by the pigeonhole principle, there are either at least 2k xi’s such

that Alternative 1 holds or at least 2k xi’s such that Alternative 2 holds (we

could in fact have 2k2, but 2k suffices). Assume the former, and without loss

of generality let these vertices be X0 = {x1, . . . , x2k}. Let V ′ ⊆ V0 be the

vertices vj for which Gj is contained in S(xi) for all xi ∈ X0. Since (i) holds

for all xi ∈ X0, at most 2k vj’s satisfy Gj 6⊆ S(xi) for each xi, so

|V0 − V ′| ≤ 2k|X0| = 4k2.

Therefore |NG(xi) ∩ V ′| ≥ k2 for all xi ∈ X0.
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Fix some xi ∈ X0. Since Alternative 1 holds for xi, we see xivj 6∈ E(G) if

and only if |S(vj)−S(xi)| < k. For all vj ∈ V ′, |S(vj)−S(xi)| = p−fi,j+ei+gi

(since gi,j = 0, by definition of V ′), and among the terms on the right, only fi,j

depends on j. Therefore there is a threshold t(xi) such that for all vj ∈ V ′, xi

is adjacent to vj if and only if fi,j ≤ t(xi). Since each xi ∈ X0 is nonadjacent

to some vj ∈ V ′, we deduce that t(xi) < p ≤ k.

Since |X0| > k, there are two elements of X0, without loss of generality

x1 and x2, with t(x1) = t(x2). Now, for all j such that vj ∈ V ′∩NG(x1) (and

hence vj 6∈ NG(x2)),

|Fj ∩ S(x1)| ≤ t(x1) = t(x2) < |Fj ∩ S(x2)|,

so there is an element of Fj in S(x2) and not in S(x1). Therefore,

|S(x2)− S(x1)| ≥ |V ′ ∩NG(x1)| ≥ k2.

Similarly, |S(x1) − S(x2)| ≥ |V ′ ∩ NG(x2)| ≥ k2. Hence x1x2 ∈ E(G), a

contradiction.

The case when at least 2k xi’s satisfy Alternative 2 is similar. Call the

set of these vertices X0. We find a V ′ ⊆ V0 such that for all xi ∈ X0 and

all vj ∈ V ′, S(xi) ∩ Fj = ∅ (that is, fi,j = 0) and |V ′ ∩ NG(xi)| ≥ k2. Then

for each xi, there is a threshold t(xi) such that xi is adjacent to vj ∈ V ′ iff

gi,j ≤ t(xi). We then find two vertices x1 and x2 with the same threshold,

and necessarily

min{|S(x1)− S(x2)|, |S(x2)− S(x1)|} ≥ k2,

so x1 and x2 are adjacent in G, a contradiction. This completes Case 1.

Case 2: L1 = ∅ and Lj 6= ∅ for all j ≥ 2. Define

Mt =
⋃

vj∈Vt

Lj
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for 0 ≤ t ≤ 2k. Fix xi ∈ X. If S(xi) contains an element of Mt for each

t ≥ k +1 and Mt−S(xi) is nonempty for each t ≤ k−1, then |S(xi)−S(vj)|
and |S(vj)− S(xi)| are at least k for all vj ∈ Vk, contradicting that xi has a

nonneighbor in Vk. Therefore, for each xi, one of these cannot happen.

Suppose first that for at least 2k2 xi’s, it is not the case that S(xi) contains

an element of Mt for each t ≥ k + 1, so there is a ti ≥ k + 1 such that S(xi)

contains no element of Mti . Then there is a set X0 of 2k xi’s each with the

same ti, say ti = m for these xi’s. Then, if we define bi = |⋃t<m Mt − S(xi)|
and follow the notation of Equations 4.1 and 4.2, we have for all vj ∈ Vm,

|S(vj)− S(xi)| = p− fi,j + ei + gi − gi,j + bi +

∣∣∣∣∣
⋃

vα∈Vm
α≤j

Lα − S(xi)

∣∣∣∣∣.

But ∣∣∣∣∣
⋃

vα∈Vm
α≤j

Lα − S(xi)

∣∣∣∣∣ =

∣∣∣∣∣
⋃

vα∈Vm
α≤j

Lα

∣∣∣∣∣ ≥ j − 20k4m

since Lj is nonempty for vj ∈ Vm and S(xi) ∩Mm = ∅. Therefore |S(vj) −
S(xi)| ≥ k for all but the k smallest-indexed vj’s in Vm; let V ∗ be the set of

vj ∈ Vm with |S(vj)−S(xi)| ≥ k. Observe that, for all vj ∈ V ∗ and xi ∈ X0,

|S(xi)− S(vj)| = fi − fi,j + ci + q − gi,j + si +

∣∣∣∣∣
⋃

vα∈Vm
α>j

Lα ∩ S(xi)

∣∣∣∣∣

= fi − fi,j + ci + q − gi,j + si,

where si = |⋃t>m Mt∩S(xi)|. Fix xi ∈ X0 and let vj ∈ V ∗ be a nonneighbor

of xi, so necessarily |S(xi) − S(vj)| < k. Since gi,j ≤ q, it follows that,

fi ≤ |S(xi) − S(vj)| + fi,j ≤ 2k − 1. Therefore, for each i, at most 2k − 1

fi,j’s are nonzero. Let V ′ ⊆ V ∗ be the vertices vj for which every xi ∈ X0

has fi,j = 0. Then

|V ∗ − V ′| ≤ (2k − 1)|X0| ≤ 4k2 − 2k,
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so each xi ∈ X0 has at least

5k2 − |Vm − V ∗| − (4k2 − 2k) ≥ k2

neighbors in V ′. Since fi,j = 0 for all xi ∈ X0 and vj ∈ V ′, we see that,

for a fixed i, |S(xi)− S(vj)| depends only on gi,j. Thus there is a threshold

t(xi) ≤ k such that vj is adjacent to xi if and only if gi,j ≤ t(xi). Since

|X0| = 2k, there are two elements of X0, say x1 and x2, with the same

threshold. As in the proof of Case 1, it can be proved that x1 and x2 are

adjacent, a contradiction.

Finally, we are left with the subcase that there are at least 2k2 xi’s such

that Mt − S(xi) is empty for some t ≤ k − 1. This is similar to the previous

subcase, except that the roles of |S(xi) − S(vj)| and |S(vj) − S(xi)| are re-

versed; we skip the details. ¤
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Number, Discrete Math. 256 (2002) 23–33.

[2] N. Alon and J. Spencer, The Probabilistic Method (2nd ed.), New York:

John Wiley & Sons 2000.

[3] V.I. Arnautov, Estimation of the exterior stability number of a graph

by means of the minimal degree of the vertices, Prikl. Mat. i Program-

mirovanie 11 (1974) 3-8.

[4] M. Axenovich and J. Balogh, Graphs having small number of sizes on

induced k-subgraphs, SIAM J. Discrete Math. 21 (2007) 1, 264–272.

[5] J. Balogh and B. Bollobás, Unavoidable Traces of Set Systems, Combi-

natorica 25 (2005) 6, 633–643.

[6] J. Balogh, B. Bollobás, M. Saks, and V.T. Sós, On the diversity function

of a hereditary graph property, to appear in J. Combin. Theory Ser. B.

[7] J. Balogh, B. Bollobás, and D. Weinreich, A jump to the Bell number

for hereditary graph properties, J. Combin. Theory Ser. B 95 (2005) 1,

29–48.

[8] J. Balogh, P. Keevash, and B. Sudakov, Disjoint representability of sets

and their complements, J. Combin. Theory Ser. B 95 (2005) 1, 12–28.

94



[9] J. Balogh and A. Pluhár, A sharp edge bound on the interval number of

a graph, J. Graph Theory 32 (1999) 2, 153–159.

[10] J. Balogh and N. Prince, Minimum Difference Representations of

Graphs, submitted.

[11] B. Bollobás, Random Graphs (2nd ed.), Cambridge: Cambridge Univer-

sity Press 2001.

[12] B. Bollobás, P. Catlin, and P. Erdős, H adwiger’s Conjecture is True for
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Math 231: Calculus 2 Merit Teaching Assistant Fall 2007

Employment

• Fellow, Dept. of Mathematics, Univ. of Illinois, Spring 2008

• Teaching Assistant, Univ. of Illinois, Urbana, IL, Fall 2005-Fall 2007

• Research Assistant, Univ. of Illnois, Urbana, IL, Spring 2007

• Van Vleet Fellow, Univ. of Memphis, Memphis, TN, Fall 2004-Spring

2005

Honors

•Parker and Schark Fellow, Department of Mathematics, Univ.

of Illinois, Spring 2008
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•Research Assistant for Campus Research Board, Univ. of

Illinois, Spring 2007

•Named to Incomplete List of Teachers Ranked Excellent

by Their Students, Univ. of Illinois, Fall 2006

•Named to Incomplete List of Teachers Ranked Excellent

by Their Students with Outstanding Ratings, Univ. of Illi-

nois,, Spring 2006

•Van Vleet Fellow, Univ. of Memphis, Fall 2004-Spring 2005

•H.R. Brahana Prize for Outstanding Graduating Senior,

Dept. of Mathematics, Univ. of Illinois, Spring 2004

•Graduated with Highest Distinction, Dept. of Mathematics,

Univ. of Illinois, Spring 2004

•Dean’s List, James Scholar, Cum laude, Univ. of Illinois,

Professional Activities

Referee for journals Combinatorics, Probability, and Computing ; Order;

Discrete Mathematics
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