Mathematical Investigations

"Pass Through" and "Bounce" Point

Purposes:

To further the study of graphing polynomials.

This is designed to reinforce the relationships between roots and factors. Primarily,
though, it is designed to show how the power of a given factor in a polynomial affects
the way in which the graph “meets” the x-axis. Students are asked to write equations
with specific characteristics, pushing them to clarify these connections.

Prerequisites:
(1) Students should have some knowledge of the relationship between a factor and a root.

(This should help to reinforce that understanding.)
(2) Students should be familiar with the concept of the degree of a polynomial. In order to
find the degree, they should be familiar with the process of multiplying polynomials.

Notes:

This sheet is designed to follow the previous one, a first introduction to graphing
polynomials, and it won’t be as effective if used independently. Again, one of the
primary annoyances is finding an appropriate window for each graph. This becomes
even more important here, as one tries to discern between graphs which “pass through”
similar to the graph of a linear function as opposed to one resembling a cubic. For this
reason, another Mathematica notebook is provided for use by the students. It requires
no previous knowledge of Mathematica. Still, students need to be aware of the
calculator issues.

Just to keep us all sharp, a couple of the equations which students are asked to write are
not possible. And yes, that’s intentional!
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Mathematical Investigations

"Pass Through" and "Bounce" Points

We want to examine the role of the exponent on each factor and its effect on the graph of the
polynomial. Using your calculator, make a quick sketch of the graph of each of the following
functions. Follow the sequence, use a meaningful window, and mark the x- and y-intercepts with
their values. It is not important to have the heights drawn to scale. Draw smooth flowing curves.

y1=E+2)(x-1)x-3) 2= +272(x - D(x-3)
A A
\ \
¥3=(x+2)2(x - D2(x - 3) ya=(x+272(x - D(x-3)3
A A
\ \
ys = (x+2P3(x - D(x - 3)* Y6 =(x+2)(x — 1)3(x - 3)?

A A
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Under what circumstances did you find a "pass-through" point? A "bounce" point? Explain
(clearly) the relationship between the exponents on each of the factors in the polynomial
functions and the behavior of the graphs at x =-2, 1, and 3.

Determine the degree of each polynomial on the other side. Recall what you wrote on the last
handout about the degree and its effect on the graph. Are the graphs on this sheet consistent with
that information? Why or why not?

Under what circumstances do graphs cross the x-axis?

1. Give a first degree equation that crosses the x-axis.

2. Give a first degree equation that does not cross the x-axis.

3. Give a second degree equation that crosses the x-axis two times.

4. Give a second degree equation that touches the x-axis at one and only one point.
5. Give a second degree equation that does not touch the x-axis at all.
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6. Now try this same idea for third degree equations:
Write a third degree equation that intersects the x-axis
a. three times:
b. twice:
c. once:
d. not at all:
7. Repeat this experiment using fourth degree equations:
Write a fourth degree equation that intersects the x-axis
a. four times
b. three times
c. twice:
d. once:
e. not at all:
8. Try to generalize the above observations. Under what conditions will a polynomial

intersect the x-axis a given number of times? (You may want to consider even degree
and odd degree polynomials separately.)

NOTE: The degree of a factor of a polynomial is called the multiplicity of the factor.
Since each factor represents a "zero" or x-intercept of the polynomial this is
also the multiplicity of that zero.

4 3
For example: y = (x + 7) (x ! 4)(x+ 2) The factor (x + 7) has multiplicity 4;
the zero at 4 has multiplicity 1; and the zero at x =—2 has multiplicity 3.
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Some informal theorems based upon your observations:

Be sure you understand and can cite examples of each of them!
For any polynomial function, P(x), or polynomial equation, P(x) =0, we know:
* the degree of a polynomial determines the maximum number of zeros (roots).
* if risa zero (root) of a polynomial (equation), then ( x —r ) is a factor of the polynomial.
* if (x—r) is afactor of a polynomial, then ris a zero (root) of the polynomial (equation).
« relative to the multiplicity, m, of each linear factor of P(x).
If m is even, then the related factor or zero determines a "bounce point".
If m is odd, then the related factor or zero determines a "pass through" point.
If m is 3 or greater, then the zero occurs with a "flat spot".
* polynomials with odd degree start low and end high or start high and end low.
* polynomials with even degree start low and end low or start high and end high.
* polynomial functions are continuous. Describe what is meant by "continuous".
A few inequalities to try:

Remember the technique of graphing the zeros, and testing regions to solve each inequality.

9. Solve: (x—4)>(x+2)* < 0

10. Solve: (x—7)x+3)(x+1)! 0 « >
11. Solve: (x+2 ) (x-1)*(x-4)>0 < >
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