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Mathematical Investigation 
 

Laws of Sines and Cosines 
 

 
Purposes:  
 
This series of sheets introduces the law of sines and the law of cosines.  The students are first 
introduced to the idea of solving a triangle, that is, finding all the angles, all the sides, and the 
area, from just a few pieces of information about the triangle.  Relations between these gives a 
quick proof of the Law of Sines.  Students are given an opportunity to practice on several 
different triangles, and then introduced to the ambiguous case, where the law of sines gives two 
different triangles.  Then triangles given by two sides and the included angle show the necessity 
for a new tool, the Law of Cosines. 
 
Prerequisites 
 
(1) Students should be familiar with the standard labeling schemes for triangles. 
(2) Students should be familiar with right triangle trigonometry. 
(3) Students should have some experience with proving triangles congruent via the SAS, ASA, 

and SSS schemes, and be aware that SSA does not lead to a congruence theorem. 
 
Notes 
 
These sheets are meant to be used as a baseline for a teaching unit.  Students should be given 
extra problems with which to practice.  We believe that it is best to let students struggle with 
these computations and derivations, working together in groups to figure out the ideas.  Still, the 
teach will need to be quite active as there are many pitfalls such as impossible triangles (side and 
angle data for which no such triangle exists) and the ambiguous case of the Law of Sines. 
 
Certainly students should be given extra problems where the method of solution is not made 
specific, and students have to recognize whether they need the Law of Sines or the Law of 
Cosines, and whether they are in the ambiguous case. 
 
Since these sheets are meant to be used as a unit, these same notes appear with all sheets. 
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Mathematical Investigations IV 
 

Trigonometry - Beyond the Right Triangles 
Co-Sign of the Times  

1. Solve the following triangle, if possible, using the Law of Sines.  If it is not possible, 
explain why not. 

7

8

47¡

C
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The Law of Cosines: 

C(0,0)

B(a,0)
a

b c

A(            ,           )
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Find the coordinates of points A and K in terms 
of side b and   

� 

! C  (in  

� 

! ABC). 
 
A =  
 
K =  
 
Find the length of KB. 
 
KB =  

 
Use the Pythagorean Theorem on   

� 

! AKB, to find c = AB. 
  
     

� 

c2 =  
 
 
Multiply out, collect like terms, and simplify, using a trigonometric identity. 
 
     

� 

c2 =  
 
 
 
 
 
 
What you have developed is called the Law of Cosines. 
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The Law of Cosines 

In any triangle, 

    

� 

c2 =a2 + b2 ! 2abcosC( ) 
 
This might also be called the "Super Pythagorean Theorem."  Why? 
 
 
Consider what would happen if we were to relabel the figure at the top of the previous page, 
replacing A with B, B with C, and C with A, and then reprove the Law of Cosines.  We could 
derive the law for a2 instead of c2.  Doing this would yield: 
 
     

� 

a2= 
 
Similarly, we could relabel and derive the law for b2.  If we do, this would yield: 
 
     

� 

b2=  
 
What happens to the formula above if the included angle is 90o. 
 
 
 
 
 
On sheet 2, you were asked to find angles to the nearest tenth of a degree.  Angles in degrees 
may also be measured using degrees, minutes, and seconds.  For example, 42°20'45" represents 
42 degrees, 20 minutes, and 45 seconds.  Minutes and seconds both represent a portion of 60, 
just as when telling time.  Your calculator has a command to convert decimal answers to degrees, 
minutes, and seconds that you should learn how to use.   
 
Use the Law of Cosines (and perhaps the Law of Sines) to solve the following. 
 
2.   

� 

! XYZ, x = 6, y = 8, and   

� 

! Z = 150°.  Find the exact value of z. 
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3. Find   

� 

! B to the nearest minute. 

A

B

C

12

7

16
 

 
 
 
 
 
 
 
 
 
 
4.   

� 

! JKM , j = 19, k = 14, and m = 17.  Find ! K to the nearest minute. 
 
 
 
 
 
 
 
 
 
 
 
 
 
5. Given lengths of 15, 9, and 25, use the Law of Cosines to find one angle.  Explain any 

"difficulties" encountered. 
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6. A surveyor needed to find the distance across an 
elliptical pond, labeled AK in the diagram.  From 
one point on the side of the pond, the distances of 
123 ft and 134 ft were found and the angle 
measured 64¡.  What is the required distance? 64°

A K

134 123
 

 
 
 
 
 
 
 
 
 
 
7. A spotlight on top of Jordan Towers makes an ellipse with a major axis of 28 ft on the 

ground.  The angles to the top of the building from the top and bottom of the ellipse,  
were measured using a transit.  Find the height of the building. 

         28
34.3¡ 47.6¡

 
 
 
 
 
 
 
 
8. Find (x, y). 

       

!
180-!

140 22.7°
173

x y

22.7¡

 
 
 


