Mathematical Investigation

Laws of Sines and Codnes

Purposs:

This series of sheetsintroduces the law of sines and thelaw of cognes. Thestudents arefirst
introduced to theidea of solving atriangle, tha is, finding al theangles, al thesides, andthe
area, from jug afew pieces of information aboutthetriangle. Relationsbeween these gives a
quick proof of theLaw of Sines. Students are given an oppottunity to practice on several
different triangles, and then introduced to theambiguous case, where thelaw of sines givestwo
different triangles. Then triangles given by two sides and theinduded angle show the necessity
for anew tool, theLaw of Codnes.

Prerequisites

(1) Students should be familiar with the standad labding schemes for triangles.

(2) Students should be familiar with righttriangle trigonorretry.

(3) Students should have some experience with proving triangles congruent viathe SAS, ASA,
and SSS schemes, and beaware tha SSA does notlead to a congruence theorem.

Notes

These sheets are meant to beused as abaselinefor ateaching unit. Students should be given
extra problems with which to practice. We bdievetha itisbest to let students struggle with
these computationsand derivations working together in groupsto figure out theidess. Still, the
teach will need to be quite active as there are many pitfalls such asimpossible triangles (sdeand
angle daafor which no such triangle exists) and the ambiguouscase of theLaw of Sines.

Certainly students shoud be given extra problems where the method of solutionis not made
specific, and students have to recognize whether they need the Law of Sines or the Law of
Cosnes, and whether they arein the ambiguouscase.

Since these sheets are meant to be used as a unit, these same notes appear with all sheets.
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Name:

Mathematical Investigations|V

Trigononetry - Beyondthe Right Triangles
AmbiguousTriangles

Problem 1: Triangle Condruction. Seethedirectionson page3. (Youwill go back to page2
later.) Youmay wish to detach the pages.
A
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Name:
3. In! ABC, ! B=44"anda=12 Set uptheequdionforthelaw of sineswith a's
andb's.
a. If snA =1, howmany triangles are possible? In this case, find b.

b. If SnA > 1, how many triangles are possible?

c. If sinA < 1, howmany triangles are possible? In this case, find the
resulting possible values of b.

Note: Intheproblem bdow andin future problems, a designaion such as S55°E isused. Inthis
casg, first draw alinedueSouth. From thisling move 55° towardstheEast. (Thiswill be35°
bdow thehorizontal.) Similarly, adesignaion of N25°W meanstha oneshould first draw aline
dueNorth. Fromthere, move 25° towardsthe West (I€eft).

4. A wesather forecaster in thetower at DuPage Airport spots atornado at S55°E and this same
tornadois spotted from Sears Tower at S35°W. Thedistance between thetwo observersis

approximately 38 miles. How far isthetornado from each observer and how far south of
theline connecting thetwo isthetornado? Note: the Sears Tower is S86°E of the DuPage

airport.

DuPage
Peg Sears
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Indructionsfor page 1, Problem 1.

a.  Notepoint A ontheray. Condruct segment AB of length 10 cm tha forms an angle of 49;
with theray with endpont A. So far, you have aray, two fixed points, and onesegment
joining them with fixed length.

b. Useacompassto findall possible locationsfor thethird point C of ouwr triangle ontheray

so tha side BC haslength 8 cm. Find al possible measuresof ! C. Labd the segments
of length 8 and labd the points and the angle measures on your drawing. How are these
anglesrelated to each other?

C. Repeat (b) with side BC having length 6 cm. Then repeat again for asideof length 12 cm.
Mark thelength of each segment clearly.

d. Findtheshortest possible length for BC. Wha is significant aboutthis segment?

e.  Wha isthemaximum length for sdeBC?

f.  Findall posiblelengthsfor side BC forwhich therewill betwo triangles.

g. Findal possiblelengthsfor side BC forwhich therewill beno possible triangles.

h. Findal posible lengthsfor side BC forwhich there will be exactly onetriangle.

i. UsethelLaw of Sinesonyour triangle witha=BC =6 cm. Wha happensalgebraically?
Explain howthisis consstent with your drawing.
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j.  UsethelLaw of Sinesonyour triangle witha =BC =8 cm. Wha hgppensalgebraically?
Explain howthisis consstent with your drawing.

Wha is significant aboutthesinefundionthat allows this situaion to occur?

You have jug explored theanmbiguouscase, in which theinformation given may not
uniqudy determineatriangle. (In many cases, thiswill notbe obviousfrom the statement
of theproblem.) In geometry, you'll recall tha SAS information, for example, did
determineatriangle. What triangle information were you given above? Was this sufficient
for aproof in geometry?

k. UsethelLaw of Sinesonyour triangle witha =BC = 14cm. Wha hgpopensalgebraically?
Explain howthisis consstent with your drawing.

2. 'FGH, ! F=18,f=8,andg=12.
mZG =
m H=

h=

Next, find problems 3 - 4 on page 2.
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